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Hereby I present a Master of philosophy thesis by publications. The thesis includes two 
peer-reviewed journal papers. One has been published in International Journal of Non-linear 
Mechanics. The other has been submitted to Transport in Porous Media and is currently under 
review.  
Flow of colloidal-suspensions and nanofluids in porous media is encountered in numerous 
processes of the natural subsurface environment and industrial relevant fields. The physical 
and chemical mechanisms of particle transport and subsequent retention are of great 
significance in study of current filtration theory.  
This thesis focuses on one-dimensional non-linear advection-dispersion problems for 
suspensions flow through porous media. It accounts for monodisperse colloids flow with 
simultaneous multiple capture mechanisms, chemical flow with multiple reactions, and co-
transport phenomena of natural clays and nanoparticles. Mathematical models are proposed for 
the above problems, and analytical solutions or numerical solutions are derived for quasi-linear 
or non-linear governing systems. These can be applied to wider range of reaction-advection-
diffusion particulate flow problems, and supplemented to classical colloids filtration theory. A 
summary for publications is as follows. 
The first paper Two main particle capture mechanisms, i.e., straining (size-exclusion) and 
attachment, are widely recognised and used in suspension colloidal flow. From the observation 
of the laboratory tests, a typical breakthrough curve (BTC) of two capture mechanisms has 
been found, describing that outlet particle concentration first increases then reaches a 
stabilisation within a few pore volumes injected after the breakthrough moment. During steady 
state, the suspended concentration remains constant, which is always lower than the injected 
concentration. The two-capture model, in terms of novel filtration functions, is developed both 
for the general and approximated cases. Modelling results match laboratory data with a high 
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accuracy, and dependencies of the model coefficients with respect to salinity and jamming ratio 
agree with Derjaguin–Landau–Verwey–Overbeek (DLVO) theory.  
The second paper Engineered nanoparticles injection into subsurface formation is widely 
applied in many engineering fields at present. The phenomenon of nanoparticle transport with 
attachment is significantly affected by the presence of the natural clay fines. A mathematical 
model is proposed with the assumption that one population of particles holds similar kinetics 
coefficients, due to the same electrostatic interactions between grains and particles, in presence 
of another population, Therefore, the two-capture model can be extended for co-transport of 
two particle populations with the introduction of two independent filtration coefficients. The 
model matches the co-transport experimental data with close agreement. However, the non-
monotonic tendency of kaolinite fines coefficients with different salinities draws us back to the 
theoretic study. The aggregation between kaolinite and kaolinite may occur under the 
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1 Contextual Statement   
Significance of the project  
The trend of petroleum industry towards enhanced oil recovery (EOR) and cost reduction 
have been not changed during last a few decades. A large number of new technologies have 
been developed to maintain productivity and profitability in production wells, such as low 
salinity water flooding, low salinity polymer flooding and polymer microsphere injection for 
water shutoff (Borazjani, Bedrikovetsky, & Farajzadeh, 2016; Farajzadeh, Bedrikovetsky, 
Lotfollahi, & Lake, 2016; Sorbie, 2013). The technologies are highly related to deep bed 
filtration (or depth filtration), fines mobilization, migration and deposition, which are essential 
processes in the subsurface petroleum-bearing formation. Moreover, reservoir formation 
damage are mainly associated with those porous media transport phenomena (Civan, 2015). 
For example, seawater or produced water injection to reservoirs during waterflooding results 
in chemical incompatible or reaction between fluid and clays on the surface of rock; Invasion 
of mud fluid into formations during well drilling brings about internal cake and the occurrence 
of a damaged zone near the wellbore (Civan, 2011; Kalantariasl, Farajzadeh, You, & 
Bedrikovetsky, 2015; Khilar & Fogler, 1998; Khilar, Vaidya, & Fogler, 1990; Yang et al., 2018; 
Zeinijahromi, Lemon, & Bedrikovetsky, 2011).  
Fundamental colloidal-suspension transport theory is commonly used in the above 
problems. Experimental investigation with mathematical modelling is the common method in 
the study of colloidal suspension flow. Laboratory tests, such as core flooding and visualisation 
experiment, are main approaches to investigate physical and chemical effects on transport 
processes. The development of mathematical model helps to explain phenomena of 
experiments, and it makes predictions about the fate of particle or its transport and retention 
behaviours. Furthermore, analytical solutions can provide a faster calculation for qualitative 
interpretation of the laboratory results, and analysis of the model parameters gives an insight 
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into capture mechanisms of transport particle and their dependency of chemistry properties 
among rock, particles and carried fluid. It also helps to develop streamline and front tracking 
techniques for three dimensional (3D) reservoir simulation (Borazjani & Bedrikovetsky, 2017).  
State of the art  
Mathematical modelling is a fundamental approach to help in the development of 
technologies for colloidal suspension transport in porous media. One dimensional (1D) particle 
transport problem is commonly described in a well-defined governing system, which presents 
quantitative formulations of transport with capture kinetic equation.  
The governing system is composed of mass balance equation for suspended and retained 
particles and kinetic equation for particle capture (Bedrikovetsky, 2008; Zhenjiang You, 
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where c is suspended particle concentration, L-3; σ is retained particle concentration, L-3; ϕ is 
porosity; x is transport distance, L; t is time, T; λ is filtration coefficient, L-1; D is dispersion 
coefficient, L2T-1; and U is flow velocity, LT-1. 
This is so-called classical filtration model. It is assumed that particle capture rate is 
proportional to the particle flux. If dispersion is negligible in the system, a first order quasi-





















Deep bed filtration (DBF) or depth filtration problem describes that constant concentration 
particles inject into a clean bed. The problem has the following initial and boundary conditions,   
0 : 0t c = = =  (1.5) 
00 :x c c= =  (1.6) 
where c0 is initial suspended particle concentration, L-3. 
Fines migration problem describes that retained particles keep lifting from rock surface 
due to some disturbances (such as low-salinity water flooding). It has the following initial and 
boundary conditions, 
00 : , 0t c c = = =  (1.7) 
0 : 0x c= =  (1.8) 
The first-order hyperbolic system (1.3-1.6) or (1.3, 1.4, 1.7, 1.8) allows for exact solutions 
to suspended concertation c and retained concentration σ. Although several limitations exist in 
the classical model, it helps to provide a fundamental approach to solve one dimensional (1D) 
particle transport problem.  
Scope of the work  The main achievements of the thesis include:  
• Non-linear 1D problem of suspension-colloidal transport in porous media deviated 
from classical filtration theory  
• The non-linear transformation technique potential and “aggregation” procedure that 
degenerates n-capture system into a single-capture system.  
• Mathematical models for 1D suspension-colloidal with multiple particle capture 
mechanisms. 
• Exaction solutions for 1D suspension-colloidal flow with two capture mechanisms: for 
approximated and aggregated filtration function. 
• Exaction solution for chemical reactive flow with multiple reactions.  
• Numerical solution for co-transport of two particle populations. 
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• Numerical solution for multiple capture mechanisms with the suspended function. 
1.1 Thesis structure  
This is a publication format thesis for Master of Philosophy degree. Two journal papers 
are included in the thesis, of which one paper has been published in International Journal of 
Non-linear Mechanics and another has been submitted to peer-review journals, Transport in 
Porous media. The body of the thesis is composed of six chapters and described as follows.  
The first chapter is contextual statement. It provides an overview of research significance 
in petroleum industry, state of the art and main achievements of the thesis. Moreover, the 
relation between journal articles and thesis is discussed in the sub-section 1.2. 
The second chapter is literature review. It presents in detail basic knowledge and 
methodology of the colloidal suspension transport in porous media, the existing problems and 
possible causes of problems for mathematical model in the current literature. It contains 
colloidal suspension transport phenomena and behaviours, current filtration theory and 
mathematical models in 1D particulate flow problem.  
The third, and fourth chapters present the papers titled “Exact solutions for suspension-
colloidal transport with multiple capture mechanisms”, and “Cotransport of suspended colloids 
and nanoparticles in porous media”. The last chapter draws conclusions and finalises the thesis. 
It discusses the overall significance of thesis to this subject, the contribution to the current 
filtration theory, existing problems and further directions of research development. 
Paper Chapter Title status 
1 Chapter 3 
Exact solutions for suspension-colloidal 
transport with multiple capture mechanisms 
Published 
2 Chapter 4 
Cotransport of suspended colloids and 






1.2 How the publications are related to the thesis 
The classical filtration model allows for exact solution. Considering a constant filtration 
coefficient, the solution presents a constant breakthrough concertation after the breakthrough 
moment, at or before 1 pore volume injected (PVI), and an exponential form of decreasing 
particle retained concertation along the transport distance. However, a large number of 
laboratory tests for colloidal suspensions flow in cores showed that the breakthrough curves 
along with retention profiles cannot be matched by tuning the filtration coefficient of the 
classical filtration model. Explanations of the deviation have been presented in several 
publications, such as heterogeneity of surface charges, pore size distribution, tortuosity. 
However, clear theoretic interpretations that can resolve the deviation are not available in the 
current literature.  
The first paper “Exact solutions for suspension-colloidal transport with multiple capture 
mechanisms” developed analytical models accounting for multiple particle capture 
mechanisms. The work derived exact solutions for the first order non-linear hyperbolic systems 
in 1D colloidal suspension flow problems. The deviation process includes two procedures. First, 
the “aggregation” technique degenerates the multiple capture (n+1)×(n+1) system with n 
kinetics to a single capture 2×2 system with one kinetics equation that contains the aggregated  
filtration function. Then, the non-linear transformation “potential” allows for reduction of the 
system to one scalar quasi-linear hyperbolic PDE that allows for exact solution. The piece-wise 
filtration function that is an approximation form of the aggregated filtration, also allows for 
exact solution. The solutions matched BTCs in which suspended concentration monotonically 
increases during several PVIs then reaches the stabilisation that is less than injected 
concentration (c<c0). The high accuracy of matching allows for validating the model and giving 
reasonable interpretation of experimental phenomenon, both with aggregated and piece-wise 
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linear (approximated) filtration function. The proposed model solved the defect of the classical 
filtration model that cannot match the BTCs with the stabilisation. 
 The second paper “Co-transport of suspended colloids and nanoparticles in porous media” 
presented a novel model for co-transport of two population colloids, in which kaolinite and 
nanoparticles co-injection experiments has been used to validate the proposed model. The 
model for mono-dispersion particle is extended from the first paper, which describes a typical 
form of BTCs with a stabilisation. The co-transport model is based on the assumption that 
electrostatic interaction for the particle and the rock surface and the fraction of the rock surface 
available to attachment by a particle are the same (or similar) for individual transport and for 
simultaneous co-transport of two populations, which can be interpreted by DLVO calculation. 
The proposed models matched the laboratory data with a close agreement, only left an 
unexpected behaviour of kaolinite fines due to kaolinite-kaolinite particle aggregation that was 
not considered in the model. The proposed models from the second paper continued the work 
from the first one, in which the co-transport model has been derived based on the piece-wise 
linear filtration function.  
The work derived several exact solutions and numerical solutions for 1D non-linear 
colloidal suspension transport problems, which can be used to interpret the experimental 
phenomena for breakthrough curves and retained profiles and provide experience for wider 
range of non-linear particulate flow problems. 
Reference  
Bedrikovetsky, P. (2008). Upscaling of stochastic micro model for suspension transport in 
porous media. Transport in Porous Media, 75(3), 335-369.  
Borazjani, S., & Bedrikovetsky, P. (2017). Exact solutions for two-phase colloidal-
suspension transport in porous media. Applied mathematical modelling, 44, 296-320.  
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Borazjani, S., Bedrikovetsky, P., & Farajzadeh, R. (2016). Analytical solutions of oil 
displacement by a polymer slug with varying salinity. Journal of Petroleum Science 
and Engineering, 140, 28-40.  
Civan, F. (2011). Porous media transport phenomena: John Wiley & Sons. 
Civan, F. (2015). Reservoir formation damage: Gulf Professional Publishing. 
Farajzadeh, R., Bedrikovetsky, P., Lotfollahi, M., & Lake, L. (2016). Simultaneous sorption 
and mechanical entrapment during polymer flow through porous media. Water 
Resources Research, 52(3), 2279-2298.  
Kalantariasl, A., Farajzadeh, R., You, Z., & Bedrikovetsky, P. (2015). Nonuniform external 
filter cake in long injection wells. Industrial & Engineering Chemistry Research, 
54(11), 3051-3061.  
Khilar, K. C., & Fogler, H. S. (1998). Migrations of fines in porous media (Vol. 12): Springer 
Science & Business Media. 
Khilar, K. C., Vaidya, R. N., & Fogler, H. S. (1990). Colloidally-induced fines release in 
porous media.  
Sorbie, K. S. (2013). Polymer-improved oil recovery: Springer Science & Business Media. 
Yang, Y., Siqueira, F., Vaz, A., Badalyan, A., You, Z., Zeinijahromi, A., . . . Bedrikovetsky, 
P. (2018). Fines Migration in Aquifers and Oilfields: Laboratory and Mathematical 
Modelling. Flow and Transport in Subsurface Environment, 3-67.  
Zeinijahromi, A., Lemon, P., & Bedrikovetsky, P. (2011). Effects of induced fines migration 
on water cut during waterflooding. Journal of Petroleum Science and Engineering, 






2 Literature Review 
2.1 Introduction 
Transport of suspension-colloidal in porous media is generally encountered in various 
processes of natural environment and industrial relevant felids. To understand the behaviours 
of colloid transport and fate has a great significance in the environmental, chemical and 
petroleum engineering (Bedrikovetsky, You, Badalyan, Osipov, & Kuzmina, 2017; Z You, 
Bedrikovetsky, & Kuzmina, 2013). For example, it helps to control the propagation of 
contaminants in aquifers, to improve the quality of potable water supplies, and to dispose 
industrial wastes in water treatment process (Bradford, Simunek, Bettahar, van Genuchten, & 
Yates, 2003; Bradford, Yates, Bettahar, & Simunek, 2002; Elimelech, Gregory, & Jia, 2013; 
Shannon et al., 2010). In petroleum industry, it is commonly described as deep bed filtration 
or fines migration in the subsurface hydrocarbon-bearing formations. Particle transport and 
capture by rock induces formation damage that leads to permeability impairment, such as poor-
quality water injection or produced water re-injection, invasion of drilling mud fluid into oil-
bearing formations. However, it also can be used to develop new technologies to enhance oil 
recovery, such as applications of low-salinity waterflooding (Lager, Webb, Black, Singleton, 
& Sorbie, 2008), low-salinity polymer flooding (Sorbie, 2013), polymer microspheres injection 
(Yao et al., 2017), and fixing natural movable fines in reservoirs by Nano fluid (Yuan & 
Moghanloo, 2018; Yuan, Moghanloo, & Zheng, 2016).  
The structure of literature review is as follows. Section 2.2 focuses on particle transport 
behaviours and various capture mechanisms in porous media, in which the torque balance of 
forces and the extended DLVO theory are reviewed in detail. Section 2.3 presents mathematical 
models of 1D particulate flow problem in porous media; it also reviews exact solutions to the 
models and introduces inverse problem.   
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2.2 Colloidal suspensions transport behaviours and capture mechanisms 
A wide range of colloidal suspensions exist in the natural subsurface systems, such as clays, 
mineral precipitates, metal oxides, viruses and bacteria (Bradford et al., 2003; Civan, 2011; 
Elimelech et al., 2013). Kaolinite, chlorite and illite are the most common natural clays in the 
petroleum-bearing formation(Civan, 2015; Khilar & Fogler, 1998). The rock surface is initially 
coated by fines; and detachment of those fines slightly influences the porosity but highly affects 
the permeability of rock, especially in blocking small pore throats by detached fines.  
Particle capture mechanisms 
 
Figure 2.1 Schematic of various capture mechanism in a single pore (Guedes, 2009) 
There are a number of capture mechanisms due to different physical effects and forces: 
size exclusion, straining, bridging, attachment (electrostatic attraction), gravity segregation and 
diffusion into dead-end pores and stagnant flow zones, as shown in figure 2.1(Guedes, Al-
Abduwani, Bedrikovetsky, & Currie, 2009).  
Size exclusion occurs at the narrow pore inlet, particles blocked the pore throat, when the 
particle radii larger than the pore radii (Bedrikovetsky, 2008; Chalk, Gooding, Hutten, You, & 
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Bedrikovetsky, 2011; Z You et al., 2013). Straining describes that particles retain at the 
junction of grains or grain surface due to surface roughness and electrostatic attraction. 
Bridging is a small pore throat blocked by several particles. Attachment is a state of equilibrium 
for attraction and repulsion, which can be explained by the torque balance.  
The torque balance of forces  
Particle attachment-detachment is generally described in the mechanical equilibrium of a 
particle attached to the rock surface. Analysis of torque balance of forces acting on the particle 
helps to understand the process of particles release or detachment. Particles attached to the rock 
surface are mainly due to electrostatic and gravitational forces, while the drag and lifting forces 
act as release (or removal) force to detach particles. The torque balance of forces exerting on a 
particle is discussed in detail by Bedrikovetsky, Zeinijahromi, Siqueira, Furtado, and de Souza 
(2012) and Bradford, Torkzaban, and Shapiro (2013) as shown in figure 2.2, 
( )d d e l g nF l F F F l= − +  (2.1) 
where Fd, Fe, FL, and Fg are drag, electrostatic, lifting, and gravitational forces, MLT
-2; and ld 
and ln are the tangential and normal lever arms, respectively, L. 
 
Figure 2.2 Torque balance of forces exerting on a single particle (Bedrikovetsky, 2011) 
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The drag and lifting forces exerting on a particle are velocity-dependent.  (Altmann & 


















=  (2.3) 
where ω and χ are the drag coefficient and the lift coefficient, which is usually calculated from 
computational fluid dynamics modelling (CFD); μ is the viscosity of fluid, ML-1T-1; rp is the 
particle radius, L; rs is the pore radius, L; and ρ is the density of fluid, ML
-3.  
The gravitational force (buoyance) for a spherical particle is, 
34
3
g sF r g =   (2.4) 
where Δρ is the density difference between particles and fluid, ML-3; g is the gravitational 
acceleration, MT-2. 
The extended DLVO theory 
The total electrostatic force is generally calculated from the total energy. The extended 
Derjaguin-Landau-Verwey-Overbeek (DLVO) theory is used to calculate the interaction 
energies between the particles and the grain surface. The total potential energy is consist of 
London Van der Waals attraction, electrical double layer and born repulsive potentials 
(Derjaguin & Landau, 1941; Gregory, 1981; Hogg, Healy, & Fuerstenau, 1966; Verwey, 
Overbeek, & Overbeek, 1999),   
LVW EDL BRV V V V= + +  (2.5) 
where V, VLVW , VEDL and VBR are the total energy potential, the London-Van der Waals, 
electrical double layer and born repulsive potential, respectively, ML2T-2. 
18 
 
The London-Van der Waals potential is the electrical attraction between two close 
macroscopic bodies. The attraction exerts between the particle surface and the grain surface in 
a porous medium. The London-Van der Waals interaction is the integration of all the relevant 
intermolecular interactions between polar molecules. The London-Van der Waals energy 
between sphere-plate is expressed as follows (Gregory, 1981): 











= − − +  
  
 (2.6) 
where A132 is the Hamaker constant (Israelachvili, 2011); λw is the characteristic wavelength of 
interaction, L; and h is the surface-to-surface separation distance, L; rs is the mean particle size, 
L. 
The electrical double layer energy usually acts as repulsion between the particles and the 
rock surface due to the similar charges, but it can be attractive if the two interacting objects 
have the opposite charges.  
The net charge on the particle surface affects the ion distribution in the neighbourhood of 
interfacial region, creating an electrical double layer around the surface. The overlap of two 
electrical double layers gives rise to an interaction between the particles and rock surface. 
Considering a spherical particle and a plate surface for grain, the electrical double layer 


















































where κ is the inverse Debye screening length; kb is Boltzmann constant; n∞ is the bulk number 
density of ions; e is the elementary electric charge; ni0 is the number concentration of ions i in 
bulk solution, z is the valence of symmetrical electrolyte solution; ε0 is the dielectric 
permittivity of vacuum; ε3 is the dielectric constant of the fluid; ψs and ψg are the reduced zeta 
potentials for particle and grain, and ζs and ζg are the zeta potentials for the particle and grain, 
respectively.   
A number of different forms for electrical double layer energy potential are well 
formulated by Elimelech et al. (2013). 
The born repulsive potential acts at a short-range. It results from the strong repulsive forces 
between the atoms as their electron clouds approach and overlap each other. An expression for 
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+    
 (2.7) 
where σLJ  is the atomic collision diameter taken from Bhattacharjee, Ko, and Elimelech (1998). 
The total potential energy is commonly presented in the energy profile with respect to 
separated distance between the particles and the rock surface. There are two energy maximum 
and minimum in typical curves of the total energy profile as shown in Fig. 2.3 (Russell, 




Figure 2.3 Typical curves of the total potential energy profile accounting for high and 
low salinity effects (Russell et al., 2018) 
Differentiating the total potential energy allows for converting the total potential energy 








where F is the total electrostatic force, MLT-2. 
2.3 Mathematical models for suspension-colloidal flow in porous media 
Mathematical models of particle transport problem revolve around a continuity equation 
with respect to particle concentration. The equation is described in detail as follows (Russell, 
Chequer, et al., 2018): 
(Particle accumulation rate = Divergence of particle advective and dispersion flux – 
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It is called mass balance equation for suspended particle and retained particle (derived in 





t x x x
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 (2.10) 
It should be noted here that suspended particle concentration c is defined as the number of 
suspended particles per pore volume, while retained particle concentration σ is defined as the 
number of retained particles per bulk rock volume.  
Particle dispersion  
Peclet number, defined as the ratio between particle advection and dispersive fluxes, can 
be used to describe the effects of dispersion. In small scale, the typical core length is small, 
assuming 10cm, so the Peclet number is also commonly small that dispersion cannot be 
negligible. In large scale, dispersion of particle can be neglected with respect to reservoir length 
because Peclet number is significantly larger than one (if assumed reservoir length L is larger 






However, dispersion of particle is remarkable in a heterogeneous porous medium even if 
it is considered in small scale (Lake, Johns, Rossen, & Pope, 2014); the model accounting for 
dispersion in capture kinetic is proposed and the exact solution is derived by (Altoe, 
Bedrikovetski, Siqueira, de Souza, & Shecaira, 2006; Bedrikovetsky, Siqueira, de Souza, & 
Shecaira, 2006). 
Particle capture kinetic equation is commonly used to formulate particle capture rate by an 
empirical (material) filtration λ (σ). It is assumed that particle capture rate is proportional to 
particle advective flux (hydrodynamic dispersion is negligible here) (Elimelech et al., 2013; 











Interpretation of filtration function  
The filtration function (coefficient) has a clear physical interpretation in statistics, which 
is the probability for a particle capture by rock per unitary length of the transport trajectory. It 
can be formulated as follows (Vaz et al., 2017), 
pcU tA p
cU cU







If the probability of a particle capture by (or pass through) a sieve is p (or 1-p), the number 
of particles crossing sieve, of which section area is A, during time interval Δt is cUAΔt, and l 
is the transport distant during Δt, so that particle capture takes place in the volume Al. Therefore, 
the number of particle capture per unit of volume in the interval Δt is equal to pcU/l, where cU 
is particle flux, and p/l is defined as the filtration coefficient.  
The traditional attachment-detachment model 
The attachment filtration coefficient λa from the classical colloid theory is proportional to 
the collision efficiency and sticking efficiency (Borazjani et al., 2016; Bradford, Torkzaban, & 












= =  (2.14) 
where ka is the first order attachment coefficient, T
-1; dc is the median grain diameter, L;  is 
the colloid attachment (sticking) efficiency that is the probability of a particle attaches to the 
grain surface; 0 is the single collector contact (collision) efficiency that is the probability for 
the particle flowing towards the grain to strike the grain. 
The kinetics equation for traditional particle attachment-detachment model is (Bradford et 













where kdet is the first order detachment coefficient, T
-1. 
Eq. (2.15) describes attachment and detachment occur simultaneously, which is the 
equation only for non-equilibrium. However, it does not reflect the mechanical equilibrium 
condition by torque balance of a particle attached to the rock surface. Moreover, the model 
exhibits a delay response to any abrupt, while the most common experiments exhibit an instant 
response (Russell, Wong, Zeinijahromi, & Bedrikovetsky, 2018). The detachment coefficient 
is empirical or phenomenology that does not contains clear interpretations by physics (Russell, 
Chequer, et al., 2018).  
The modified attachment-detachment model 
Considering torque balance for the mechanical equilibrium condition, the modified 
detachment model is derived, in which the maximum retention function is introduced 
(Bedrikovetsky, Siqueira, Furtado, & Souza, 2011; Bedrikovetsky et al., 2012; Chequer, Vaz, 
& Bedrikovetsky, 2018) 
, ( , )a a a crcU U
t






( , )a cr U  =  (2.17) 
where σa is attached particle concentration L
-3, σcr is the critical attached particle concentration 
L-3, and γ is ionic strength (salinity). 
The maximum retention function reflects the critical value of retained particle concertation 
in a porous medium which is affected by velocity, ionic strength, pH and temperature. 
The typical forms of filtration function or coefficient, such as the constant filtration 
coefficient and the Langmuir filtration function for monolayer attachment, have been review 
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in the Introduce of the paper “Exact solution for suspension-colloidal transport with multiple 
capture mechanisms” (Chapter Three).  
Exact solutions and inverse problems 
The governing system (2.10, 2.12) allows for deriving exact solutions for the suspended 
concentration and retained concentration. During laboratory tests, the outlet (effluents) 
suspended concentration is usually measured. The breakthrough concertation taken from BTCs 
allows to determine the filtration function directly, which is so-call the direct problem (Bolster, 
Hornberger, Mills, & Wilson, 1998; Foppen, Mporokoso, & Schijven, 2005). The problem has 
the inverse problem to the exact solution, in which the filtration coefficient is unknown and 
suspended concentration and retained concentration are taken from laboratory tests. 
The inverse problem to the solution has been solved by Alvarez et al. 2006, in which it is 
described as the unique and stable solution if compared with small perturbations of experiment 
data. The filtration function (or coefficient) calculated from the solution of the direct problem 
can be applied to predicting the retention profiles, which relates the RPs with BTCs. Another 
inverse is associated with the calculation of permeability reduction with respect to the pressure 






Altmann, J., & Ripperger, S. (1997). Particle deposition and layer formation at the crossflow 
microfiltration. Journal of Membrane Science, 124(1), 119-128.  
Altoe, F., Bedrikovetski, P., Siqueira, A., de Souza, A., & Shecaira, F. (2006). Correction of 
Basic Equations for Deep Bed Filtration with Dispersion.  
Alvarez, A., Bedrikovetsky, P., Hime, G., Marchesin, A., Marchesin, D., & Rodrigues, J. 
(2005). A fast inverse solver for the filtration function for flow of water with particles 
in porous media. Inverse problems, 22(1), 69.  
Alvarez, A. C., Hime, G., Marchesin, D., & Bedrikovetsky, P. G. (2007). The inverse 
problem of determining the filtration function and permeability reduction in flow of 
water with particles in porous media. Transport in Porous Media, 70(1), 43-62.  
Bedrikovetsky, P. (2008). Upscaling of stochastic micro model for suspension transport in 
porous media. Transport in Porous Media, 75(3), 335-369.  
Bedrikovetsky, P., Siqueira, A., de Souza, A., & Shecaira, F. (2006). Correction of basic 
equations for deep bed filtration with dispersion. Journal of Petroleum Science and 
Engineering, 51(1-2), 68-84.  
Bedrikovetsky, P., Siqueira, F. D., Furtado, C. A., & Souza, A. L. S. (2011). Modified 
particle detachment model for colloidal transport in porous media. Transport in 
Porous Media, 86(2), 353-383.  
Bedrikovetsky, P., You, Z., Badalyan, A., Osipov, Y., & Kuzmina, L. (2017). Analytical 
model for straining-dominant large-retention depth filtration. Chemical Engineering 
Journal, 330, 1148-1159.  
Bedrikovetsky, P., Zeinijahromi, A., Siqueira, F. D., Furtado, C. A., & de Souza, A. L. S. 
(2012). Particle detachment under velocity alternation during suspension transport in 
porous media. Transport in Porous Media, 91(1), 173-197.  
Bergendahl, J. A., & Grasso, D. (2003). Mechanistic basis for particle detachment from 
granular media. Environmental science & technology, 37(10), 2317-2322.  
Bhattacharjee, S., Ko, C.-H., & Elimelech, M. (1998). DLVO interaction between rough 
surfaces. Langmuir, 14(12), 3365-3375.  
Bolster, C. H., Hornberger, G. M., Mills, A. L., & Wilson, J. L. (1998). A method for 
calculating bacterial deposition coefficients using the fraction of bacteria recovered 
from laboratory columns. Environmental science & technology, 32(9), 1329-1332.  
26 
 
Borazjani, S., & Bedrikovetsky, P. (2017). Exact solutions for two-phase colloidal-
suspension transport in porous media. Applied mathematical modelling, 44, 296-320.  
Borazjani, S., Bedrikovetsky, P., & Farajzadeh, R. (2016). Analytical solutions of oil 
displacement by a polymer slug with varying salinity. Journal of Petroleum Science 
and Engineering, 140, 28-40.  
Bradford, S. A., Simunek, J., Bettahar, M., van Genuchten, M. T., & Yates, S. R. (2003). 
Modeling colloid attachment, straining, and exclusion in saturated porous media. 
Environmental science & technology, 37(10), 2242-2250.  
Bradford, S. A., Torkzaban, S., & Shapiro, A. (2013). A theoretical analysis of colloid 
attachment and straining in chemically heterogeneous porous media. Langmuir, 
29(23), 6944-6952.  
Bradford, S. A., Torkzaban, S., & Walker, S. L. (2007). Coupling of physical and chemical 
mechanisms of colloid straining in saturated porous media. Water Research, 41(13), 
3012-3024.  
Bradford, S. A., Yates, S. R., Bettahar, M., & Simunek, J. (2002). Physical factors affecting 
the transport and fate of colloids in saturated porous media. Water Resources 
Research, 38(12).  
Chalk, P., Gooding, N., Hutten, S. J., You, Z., & Bedrikovetsky, P. G. (2011). Laboratory 
and theoretical investigation of size exclusion suspension flow in rocks. Paper 
presented at the SPE European Formation Damage Conference. 
Chequer, L., Vaz, A., & Bedrikovetsky, P. (2018). Injectivity decline during low-salinity 
waterflooding due to fines migration. Journal of Petroleum Science and Engineering, 
165, 1054-1072.  
Civan, F. (2011). Porous media transport phenomena: John Wiley & Sons. 
Civan, F. (2015). Reservoir formation damage: Gulf Professional Publishing. 
Derjaguin, B., & Landau, L. (1941). The theory of stability of highly charged lyophobic sols 
and coalescence of highly charged particles in electrolyte solutions. Acta 
Physicochim. URSS, 14(633-52), 58.  
Elimelech, M., Gregory, J., & Jia, X. (2013). Particle deposition and aggregation: 
measurement, modelling and simulation: Butterworth-Heinemann. 
Farajzadeh, R., Bedrikovetsky, P., Lotfollahi, M., & Lake, L. (2016). Simultaneous sorption 
and mechanical entrapment during polymer flow through porous media. Water 
Resources Research, 52(3), 2279-2298.  
27 
 
Foppen, J., Mporokoso, A., & Schijven, J. (2005). Determining straining of Escherichia coli 
from breakthrough curves. Journal of contaminant hydrology, 76(3-4), 191-210.  
Gregory, J. (1975). Interaction of unequal double layers at constant charge. Journal of 
Colloid and Interface Science, 51(1), 44-51.  
Gregory, J. (1981). Approximate expressions for retarded van der Waals interaction. Journal 
of Colloid and Interface Science, 83(1), 138-145.  
Guedes, R. G., Al-Abduwani, F. A., Bedrikovetsky, P., & Currie, P. K. (2009). Deep-bed 
filtration under multiple particle-capture mechanisms. SPE Journal, 14(03), 477-487.  
Herzig, J., Leclerc, D., & Goff, P. L. (1970). Flow of suspensions through porous media—
application to deep filtration. Industrial & Engineering Chemistry, 62(5), 8-35.  
Hogg, R., Healy, T. W., & Fuerstenau, D. (1966). Mutual coagulation of colloidal 
dispersions. Transactions of the Faraday Society, 62, 1638-1651.  
Israelachvili, J. N. (2011). Intermolecular and surface forces: Academic press. 
Kalantariasl, A., Farajzadeh, R., You, Z., & Bedrikovetsky, P. (2015). Nonuniform external 
filter cake in long injection wells. Industrial & Engineering Chemistry Research, 
54(11), 3051-3061.  
Khilar, K. C., & Fogler, H. S. (1998). Migrations of fines in porous media (Vol. 12): Springer 
Science & Business Media. 
Khilar, K. C., Vaidya, R. N., & Fogler, H. S. (1990). Colloidally-induced fines release in 
porous media.  
Lager, A., Webb, K. J., Black, C., Singleton, M., & Sorbie, K. S. (2008). Low salinity oil 
recovery-an experimental investigation1. Petrophysics, 49(01).  
Lake, L. W., Johns, R. T., Rossen, W. R., & Pope, G. A. (2014). Fundamentals of enhanced 
oil recovery.  
Payatakes, A. C., Rajagopalan, R., & Tien, C. (1974). Application of porous media models to 
the study of deep bed filtration. The canadian journal of chemical engineering, 52(6), 
722-731.  
Ruckenstein, E., & Prieve, D. C. (1976). Adsorption and desorption of particles and their 
chromatographic separation. AIChE Journal, 22(2), 276-283.  
Russell, T., Chequer, L., Borazjani, S., You, Z., Zeinijahromi, A., & Bedrikovetsky, P. 
(2018). Formation Damage by Fines Migration: Mathematical and Laboratory 




Russell, T., Wong, K., Zeinijahromi, A., & Bedrikovetsky, P. (2018). Effects of delayed 
particle detachment on injectivity decline due to fines migration. Journal of 
Hydrology, 564, 1099-1109.  
Shannon, M. A., Bohn, P. W., Elimelech, M., Georgiadis, J. G., Marinas, B. J., & Mayes, A. 
M. (2010). Science and technology for water purification in the coming decades. In  
Nanoscience And Technology: A Collection of Reviews from Nature Journals (pp. 
337-346): World Scientific. 
Sharma, M., & Yortsos, Y. (1987). Transport of particulate suspensions in porous media: 
model formulation. AIChE Journal, 33(10), 1636-1643.  
Sorbie, K. S. (2013). Polymer-improved oil recovery: Springer Science & Business Media. 
Tufenkji, N. (2007). Colloid and microbe migration in granular environments: a discussion of 
modelling methods. In  Colloidal transport in porous media (pp. 119-142): Springer. 
Vaz, A., Bedrikovetsky, P., Fernandes, P., Badalyan, A., & Carageorgos, T. (2017). 
Determining model parameters for non-linear deep-bed filtration using laboratory 
pressure measurements. Journal of Petroleum Science and Engineering, 151, 421-
433.  
Verwey, E. J. W., Overbeek, J. T. G., & Overbeek, J. T. G. (1999). Theory of the stability of 
lyophobic colloids: Courier Corporation. 
Yang, Y., Siqueira, F., Vaz, A., Badalyan, A., You, Z., Zeinijahromi, A., . . . Bedrikovetsky, 
P. (2018). Fines Migration in Aquifers and Oilfields: Laboratory and Mathematical 
Modelling. Flow and Transport in Subsurface Environment, 3-67.  
Yao, C., Wang, D., Wang, J., Hou, J., Lei, G., & Steenhuis, T. S. (2017). Effect of ionic 
strength on the transport and retention of polyacrylamide microspheres in reservoir 
water shutoff treatment. Industrial & Engineering Chemistry Research, 56(28), 8158-
8168.  
You, Z., Bedrikovetsky, P., & Kuzmina, L. (2013). Exact solution for long-term size 
exclusion suspension-colloidal transport in porous media. Paper presented at the 
Abstract and Applied Analysis. 
You, Z., Osipov, Y., Bedrikovetsky, P., & Kuzmina, L. (2014). Asymptotic model for deep 
bed filtration. Chemical Engineering Journal, 258, 374-385.  
Yuan, B., & Moghanloo, R. G. (2018). Nanofluid pre-treatment, an effective strategy to 
improve the performance of low-salinity waterflooding. Journal of Petroleum Science 
and Engineering, 165, 978-991.  
29 
 
Yuan, B., Moghanloo, R. G., & Zheng, D. (2016). Analytical modeling of nanofluid injection 
to improve the performance of low salinity water flooding. Paper presented at the 
Offshore Technology Conference Asia. 
Zeinijahromi, A., Lemon, P., & Bedrikovetsky, P. (2011). Effects of induced fines migration 
on water cut during waterflooding. Journal of Petroleum Science and Engineering, 





3 Exact Solutions for Suspension-Colloidal 
Transport with Multiple Capture Mechanisms 
H. Zhang, G. Malgaresi, P. Bedrikovetsky 

International Journal of Non-Linear Mechanics 105 (2018) 27–42
Contents lists available at ScienceDirect
International Journal of Non-Linear Mechanics
journal homepage: www.elsevier.com/locate/nlm
Exact solutions for suspension-colloidal transport with multiple capture
mechanisms
H. Zhang, G.V.C. Malgaresi, P. Bedrikovetsky *
Australian School of Petroleum, University of Adelaide, Australia
A B S T R A C T
We discuss one-dimensional (1D) non-linear problems of suspension-colloidal transport in porous media with two simultaneous particle capture mechanisms. The
first mechanism corresponds to low retention concentration and constant filtration function. The second mechanism corresponds to large retention concentration
with blocking (Langmuir) filtration function. The 1D flow problems are non-linear; however, they allow for exact solutions. The exact solutions are obtained for
the general two-capture case, and also for piecewise-linear approximation of the filtration function. The proposed filtration function describes the breakthrough
curves (BTCs) that monotonically increase with time and stabilise at some value lower than the injected concentration; those BTCs are observed for numerous
suspension-colloidal flows. The tuning method for determining the model coefficients is developed. Close agreement between the laboratory and modelling data
validates the proposed form of filtration function.
1. Introduction
Colloidal-suspension flows in porous media occur in different pro-
cesses of environmental, chemical, civil and petroleum engineering, and
also in energy sector and geology [1–3]. Mathematical modelling is an
essential part of design and planning of various technological processes
in those areas, like industrial waste management in aquifers, injection of
cold water and hot water/steam production from geothermal reservoirs,
industrial filtering, management of potable water resources, water
injection in oil fields for pressure maintenance, etc. [3–6].
Particle capture by the rock during suspension-colloidal flows oc-
curs by size exclusion, straining, attachment, segregation, diffusion
into dead-end pores, etc. [1,4,7–12], (Fig. 1). The effects of particle
retention are decreasing suspension concentration and permeability.
The suspension concentration decline due to retention is important
for industrial waste disposal and aquifer contamination, while the
permeability decline yields production and injection well impairment.
Governing equations for deep bed filtration (DBF) in porous media
contain mass balance for suspended and retained particles, particle
capture rate that is proportional to the particle advective flux, and
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where x is the linear coordinate in the flow direction, t is the time, c
and 𝜎 are the suspended and attached concentrations, 𝜙 is the porosity,
U is the fluid velocity, D is the dispersion (diffusion) coefficient, 𝜆 is the
filtration coefficient, k is the permeability, 𝜇 is the viscosity, and p is the
pressure. The suspension concentration c is determined as the number of
suspended particles in unitary volume of carrier fluid, while the retained
concentration 𝜎 is defined as the number of attached particles in unitary
volume of the rock.
Constant-concentration injection into clean bed corresponds to the
following initial and boundary conditions:
𝑡 = 0 ∶ 𝑐 = 𝜎 = 0 (4)
𝑥 = 0 ∶ 𝑐 = 𝑐0 (5)
The initial condition (4) for concentration c holds as x tends to infinity.
Another form of the retention rate equation is its proportionality of




= 𝜆 (𝜎) 𝑞, 𝑞 = 𝑐𝑈 −𝐷 𝜕𝑐
𝜕𝑥
(6)
Fig. 2 shows the difference in capture scenarios by models given by
Eqs. (2) and (6). The capture occurs at a site shown as a sieve-screen.
The overall particle displacement by the flux q is decomposed into those
by the advective and diffusive fluxes. Eq. (2) corresponds to the case
where the capture occurs during the advective move (Fig. 2a). Eq. (6)
corresponds to diffusive move (Fig. 2b).
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c Suspended particle concentration [L−3]
c 0 Injected particle concentration [L−3]
C Dimensionless suspended particle concentration [-]
D Dispersion (diffusion) coefficient [L2 T−1]
j Jamming ratio [-]
L Length of the core [L]
p Pressure [M L−1 T−2]
q Total flux [L−2 T−1]
r Radius [L]
r 𝑝 Mean pore radius [L]
r 𝑠 Particle radius [L]
S Dimensionless total retained particle concentration [-]
S 1 Dimensionless attached particle concentration for 1st
mechanism [-]
S 2 Dimensionless strained particle concentration for 2nd
mechanism [-]
S 𝑚 Dimensionless maximum retained particle concentra-
tion [-]
t Time [T]
T Dimensionless time [PVI]
T 𝑖𝑛𝑗 Dimensionless injection time [PVI]
T 𝑚 Dimensionless stabilisation time at the inlet [PVI]
U Flow velocity [L T−1]
x Axial coordinate [L]
X Dimensionless axial coordinate [-]
Greek letters
𝛾 Salinity [mM]
𝜀 Small filtration coefficient variable [-]
𝜎 Retained particle concentration [L−3]
𝜎1 Attached particle concentration [L−3]
𝜎2 Strained particle concentration [L−3]
𝜎𝑚 Maximum attached particle concentration [L−3]
𝜙 Porosity [-]
𝜆 Filtration coefficient [L−1]
𝜆0 Attachment filtration coefficient at no retention [L−1]
𝜆1 Straining filtration coefficient [L−1]
𝛬 Dimensionless filtration [-]
𝛬0 Dimensionless initial attachment filtration coefficient
[-]
𝛬1 Dimensionless straining filtration coefficient [-]
𝜌 Density [M L−3]










DBF Deep bed filtration
ODE Ordinary differential equation
PDE Partial differential equation
CFD Computational fluid dynamics
Fig. 1. Various particle capture mechanisms in a single pore.
The Peclet number is the ratio between the advective and dispersive
fluxes. In large scale (reservoir) approximation, where the typical
boundary size exceeds 100m, Peclet number significantly exceeds one,
UL/D >> 1, and the dispersive/diffusion terms are neglected in both
Eqs. (2) and (6). During laboratory corefloods, where the typical core
length is 0.1 m, Peclet number can be lower than one, and the diffusion
is important.
The assumptions of monolayer Langmuir’s attachment where one
attached particle occupies one vacancy, and vice versa, yield the ‘‘active-












, 𝜎 < 𝜎𝑚
0, 𝜎 > 𝜎𝑚
(7)
where 𝜎𝑚 is the maximum number of retention vacancies per unitary
volume occupied by the attached particles. The Langmuir blocking filtra-
tion function, given by Eq. (7) is usually used for monolayer electrostatic
attachment of particles on the rock surface, but is also applicable for
straining and size exclusion [10,18,19]. Plot of the Langmuir filtration
function corresponds to curve 2 in Fig. 3a. The exact solution of the 1D
flow problem (1)–(5) corresponds to breakthrough curve 2 in Fig. 3b,
which is zero before the breakthrough at the moment of injection of
one pore volume, then jumps up to some value and tends to injected
concentration when time tends to infinity [18].
For small retained concentration, where 𝜎 << 𝜎𝑚, the filtration
coefficient is assumed to be constant, 𝜆(𝜎) = 𝜆1 (straight line 1 in
Fig. 3a). For this case, the breakthrough concentration is equal zero
before the breakthrough moment, then jumps up to some value and
remains constant during the overall flow period (curve 1 in Fig. 3b) [18].
This type of the breakthrough behaviour was observed for various
capture mechanisms [1,4–6,11,21]. To be specific, further in the text the
term attachment corresponds to the Langmuir’s blocking capture, while
the low-retention mechanism is called size exclusion, or straining.
BTCs that equal zero before the breakthrough moment, jumping up
to some value and then tending to a limit that is lower than the injected
concentration as time tends to infinity, have been observed in numerous
laboratory tests (curve 3 in Fig. 3b) [4,5,8–10,13,19,22,23]. However,
this specific type of BTCs has not been interpreted by capture kinetics
neither in terms of an analytical model; the filtration functions that yield
this type of breakthrough curves, are not available.
Suspended-colloidal particles are subject to different capture mech-
anisms (Fig. 1). Each capture process depends on parameters that are
stochastically distributed over the porous space, like surface charge,
pore throat and particle sizes, roughness, tortuosity, etc. The stochastic
models for suspension-colloidal-nano transport include random-walk
equations [24,25], Boltzmann’s model [25,26], network and 3D com-
putational fluid dynamics (CFD) models [21], and randomly distributed
filtration coefficients [10,25,27].
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Fig. 2. Traditional and modified models for particle capture by the porous
media, where the vertical bar corresponds to the capture site: (a) particle capture
from the advective flux; (b) particle capture from the overall advective and
diffusive flux.
The population balance models account for fine particle distribution
in size, surface charge, shape, etc. [28,29] and for accessibility of
different pores by different size particles due to geometric restrictions
and the corresponding reduction of the overall particle flux [7,30]. For
transport of homogeneous suspension, the population balance equations
allow for exact averaging; the upscaled equations coincide with the
traditional DBF system that accounts for accessibility and flux-reduction
functions [7].
Exact solutions for DBF Eqs. (1)–(3) yield well-posed inverse prob-
lems. The filtration function in Eq. (2) is determined from BTC, and
formation damage function in Eq. (3) is calculated from the pressure
drop history across the core [31]. The filtration function can also be
determined from the retention profile, claiming significantly lower data
scattering than after BTC treatment [31].
Exact analytical solutions are also used for qualitative interpre-
tation of the results of laboratory coreflooding and calculation of
the model coefficients. The comparison of the concentration waves
provided by the analytical models with those measured during core-
floods or field tests yields a more profound understanding of the
transport processes. The analytical models are also widely used in three-
dimensional reservoir simulations using stream-line and front-tracking
techniques. The above applications have motivated numerous studies
on the exact solutions for 1D colloidal-suspended and reactive transport
problems [15,16,20,23,32–37].
Two-capture mechanism models with size exclusion and attach-
ment are widely used in suspension-colloidal studies [1,4,38,39]. An
analytical model for deep bed filtration of a binary mixture of two
distinct particle populations, where each specie is captured by its
own separate capture mechanism is derived; high quality match using
constant and Langmuir’s filtration functions is achieved [22]. The
asymptotic solutions for two-population and two-capture models have
been obtained [40,41]. However, exact solutions for two simultaneous
capture mechanisms of uniform particles are not available.
In the current paper, we discuss non-linear 1D problem for
suspension-colloidal transport in porous media with two simultaneous
particle capture mechanisms. We prove that any number of capture
mechanisms can be aggregated into one mechanism following either
of scenarios given by Eqs. (2) or (6). For dispersion-free case with two
simultaneous particle capture mechanisms given by constant and block-
ing (Langmuir) filtration functions, we derive an exact solution. The
solution exhibits BTC that monotonically grows after the breakthrough
and tends to the limit that is lower than the injected concentration. The
analytical model closely matches numerous laboratory tests, validating
the interpretation of BTCs that stabilise below the injected concentra-
tion, by the two-capture model.
The structure of the paper is as follows. Section 2 and Appendices A
and B present mathematical model for suspension-colloidal flows with
multiple capture mechanisms, and show that it is equivalent to a
single-capture system. Section 3 discusses two capture mechanisms with
constant (straining) and Langmuir (attachment) filtration functions,
including derivation of exact solution for 1D flow, and the exact and
approximate formulae for aggregation. Section 4 derives the exact
solution for binary (piecewise linear) filtration function with explicit
formulae for BTCs. Section 5 presents sensitivity study of filtration
functions and BTCs with respect to three model parameters. Section 6
compares the exact and numerical solutions. Section 7 matches two
series of laboratory tests and exhibits the results of matching by the
analytical model. Section 8 derives the aggregation procedure and exact
solution for reactive flows with multiple chemical reactions. Section 9
discusses the results, the limitations of the model and some practical
applications. Section 10 draws the conclusions and finalises the paper.
2. Suspension-colloidal flow system with multiple capture mecha-
nisms
System of equations for DBF of particles with n capture mechanisms
accounting for dispersion (diffusion) of particles, given by Eqs. (A.1)–
(A.3) is presented in Appendix A. Here any combination of different
particle capture mechanisms, presented in Fig. 1, is discussed. All
capture rates are proportional to the particle advective flux [12,18].
Lemma 1. System (A.1)– (A.3) for suspension-colloidal flow with n particle
capture mechanisms 𝜆𝑖(𝜎1, 𝜎2. . .𝜎𝑛) is equivalent to that with a single capture
Fig. 3. Various forms of breakthrough curves for different forms of filtration function: (a) filtration functions; (b) breakthrough curves. Here 1 – constant filtration
function, 2 – Langmuir (blocking) filtration function, and 3 is the binary filtration function.
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mechanism (2), where the aggregated filtration function 𝜆 (𝜎) is determined
by Cauchy’s problem for system of ordinary differential equations (ODE)
(A.9).
The proof is presented in Appendix A.
Appendix B discusses the modified DBF system with dispersion,
where the capture rate is proportional to the overall particle flux
that includes advective and diffusive fluxes, given by Eqs. (1), (6)
([8,13,17]). Lemma 1 is also valid for system (A.1), (A.2), (B.1). The
proof is presented in Appendix B.
Further we discuss the large-scale flows, where the dispersion is
negligible.
Introduce the following dimensionless parameters and variables into
dispersion-free systems (1), (2) and (4), (5):
𝑇 = 𝑈𝑡
𝜙𝐿
; 𝑋 = 𝑥
𝐿
; 𝐶 = 𝑐
𝑐0
;𝛬0 = 𝜆0𝐿;𝑆𝑚 =
𝜎𝑚
𝜙𝑐0
; 𝑆 = 𝜎
𝜙𝑐0








The dimensionless system becomes:







= 𝛬 (𝑆)𝐶 (10)
Initial and boundary conditions (4), (5) for dimensionless variables
become
𝑇 = 0 ∶ 𝐶 = 𝑆 = 0 (11)
𝑋 = 0 ∶ 𝐶 = 1 (12)
The exact solution for system (9), (10) subject to initial and boundary
conditions (11), (12) is derived in the next section.
3. Suspension-colloidal flow system with two capture mechanisms
In the current section we derive the expression for filtration function
that corresponds to two fines capture mechanisms (Section 3.1), develop
the exact solution for the general case of aggregated filtration func-
tion (Section 3.2) and its particular case for two capture mechanisms
(Section 3.3). Then, properties of the filtration function, which is the
aggregation of Langmuir and constant filtration functions, are described
(Section 3.4). The explicit asymptotic formulae for aggregated two-
mechanism filtration functions with small rate by either mechanism are
derived (Section 3.5)
3.1. Aggregation formula for overall filtration function
Consider the case 𝑛 = 2 of two capture mechanisms. One mechanism
with low retention has constant filtration function. Another one has the
Langmuir blocking filtration function, given by Eq. (7).
Changing T to 𝑆2 as a free variable in ODE that corresponds to the


















Accounting for initial conditions (11), (12) and integrating Eq. (13) by











The total retained concentration and overall filtration function become

















respectively, where 𝑆1 = 𝑆1(S) is the inverse function to Eq. (15).
So, the formula for the aggregated filtration function (16) contains
transcendental Eq. (15).
Fig. 4a presents the continuous curve for the aggregated filtration
function.
3.2. Exact solution for any aggregated filtration function 𝛬(S)
Following works [15–17], here we present the general schema for
solution of Eqs. (9), (10) for any arbitrary filtration function. Introducing
the potential 𝛷(S) from Eq. (10)











Substituting expression (18) into Eq. (9) and changing order of differ-




























= −𝛬 (𝑆)𝑆 (21)
Representing Eq. (21) in characteristic form with T as a parameter along
characteristics shows that 𝑆 = 0 at T < X (Fig. 5a). Ahead of the
concentration front 𝑋 = 𝑇 , 𝑆 = 0. Breakthrough in Fig. 5b occurs after
the moment 𝑡1, so the S-value in profile in Fig. 5c is zero.
The characteristic form at T > X is:
𝑑𝑆
𝑑𝑋
= −𝛬 (𝑆)𝑆, 𝑑𝑇
𝑑𝑋
= 1 (22)
Ordinate axes is a characteristic for quasi-linear hyperbolic system (9),
(10), i.e. (11), (12) is a Goursat problem [12]. It allows determining S (0,
T ) from Eq. (10) and boundary condition (12). Accounting for boundary















Here S (0, T -X) is determined from transcendental Eq. (23). Then S (X,
T ) is determined from transcendental Eq. (24).
The Riemann invariant for system (9), (10) that corresponds to unity
eigen-value is C/S [15–17,42]:
𝐶 (𝑋, 𝑇 )
𝑆 (𝑋, 𝑇 )
= 1
𝑆 (0, 𝑇 −𝑋)
(25)
yielding the explicit expression for suspended concentration C(X, T )
versus S (X, T ).
3.3. Exact solution for 1D transport with two mechanism capture
In this section we derive the exact solution for aggregated function
of two capture mechanisms, given by Eqs. (15) and (16).
































, 𝑆1 < 𝑆𝑚
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Fig. 4. Comparison between analytical and numerical solutions: (a) aggre-
gated and binary filtration functions (blue and red curves, respectively); (b,c)
breakthrough concentrations calculated by analytical models for aggregated
and binary filtration functions (blue and red curves). Dashed black curves are
obtained by numerical modelling. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)











































Changing order of derivatives in second differential term in Eq. (31),


























Fig. 5. Exact solution for 1D suspension-colloidal flow with piecewise-linear
filtration function: (a) movement of concentration fronts (x, t)-plane; (b)
suspended concentration profiles; (c) retained concentration profiles.
Representing Eq. (32) in characteristic form with T as a parameter along
characteristics shows that 𝑆1 = 𝑆2 = 0 at T < X (Fig. 5a).




















At 𝑇 = 0, where 𝐶 = 1, separation of variables in Eq. (27) results in























] = −𝑋 (35)






















] = −𝑋 (36)
𝑆2(0, T ) is calculated from Eq. (28) with C =1:
𝑆2(0, 𝑇 ) = 𝛬1𝑇 (37)
31
H. Zhang et al. International Journal of Non-Linear Mechanics 105 (2018) 27–42
Using Riemann invariant C/S (25) of system (26)–(28) and Eqs. (14),
(36) allows calculating suspended concentration C(X, T ):
𝐶 (𝑋, 𝑇 )















+ 𝛬1 (𝑇 −𝑋)
(38)
Both retained concentrations are zero along the concentration front
𝑇1(X) = X. The suspended concentration behind the front 𝐶−(T, T ) is
calculated from Eq. (26):









The solution shows that initial data are held ahead of the concentration
front 𝑇1(X) = X (Fig. 5a). Behind the concentration front, the exact
solution for 𝑆1(X, T ) is expressed implicitly by transcendental Eq. (36),
allowing for explicit calculation of 𝑆2 using formula (14) and explicit
calculation of C (X, T ) using formula (38).
Fig. 4a shows forms of aggregated filtration function (blue curve)
and binary filtration function (red curve). Fig. 4b shows breakthrough
concentrations C(1, T ) as obtained from the least square fit [43] by
using the binary model (red curve), which is obtained for 𝛬0 = 0.2151,
𝛬1 = 0.4780 and 𝑆𝑚 = 0.5614. The tuning data for this laboratory test and
the coefficient of determination are presented in eighth row of Table 2.
The blue curve corresponds to aggregated model with 𝑆𝑚 = 0.1164.
BTCs at 𝑇 = 1 and their stabilised values are the same, so the filtration
coefficients 𝛬0 and 𝛬1 are the same for both models.
Fig. 4c also shows the comparison between matching the laboratory
data by the binary and aggregated models. The filtration coefficients
for both models are 𝛬0 = 0.3318 and 𝛬1 = 0.8557. Maximum retained
concentrations are 𝑆𝑚 = 0.4331 and 𝑆𝑚 = 0.1005 for binary and
aggregated models, respectively. The tuning data for this laboratory test
and the coefficient of determination are presented in fifth row of Table 2.
3.4. Properties of aggregated function for two capture mechanisms
Eq. (39) shows that suspended concentration at the breakthrough
time 𝑇 = 1 is equal to











Formulae (40) and (41) allow determining both filtration coefficients
from the breakthrough curve







The parameter 𝑆𝑚 is determined by matching the BTC at intermediate
times [1,∞).
Now let us describe some properties of the aggregated filtration
function.
At 𝑆 = 0, as it follows from Eqs. (27), (28),
𝛬 (0) = 𝛬0 + 𝛬1 (44)
For large retention concentrations,
lim
𝑆→∞
𝛬 (𝑆) = 𝛬1 (45)
Lemma 2. The aggregated filtration function is convex, i.e. 𝛬∕∕(S)>0.
















𝛬0𝑆𝑚 − 𝛬0𝑆1 + 𝑆𝑚𝛬1
)
(47)









𝛬0𝑆𝑚 − 𝛬0𝑆1 + 𝑆𝑚𝛬1
)
(48)











Taking derivative of Eq. (15) shows that dS/𝑑𝑆1>0, which proves the lemma.
Now we introduce the binary filtration function as a total of linear












+ 𝛬1 , 𝑆 ≤ 𝑆𝑚
𝛬1 , 𝑆 > 𝑆𝑚
(50)
Lemma 3. Let the aggregated and binary filtration functions have the same
values of coefficients 𝛬0, 𝑆𝑚 and 𝛬1. The aggregated filtration function is
higher than the corresponding binary filtration function.
























Slope (52) is lower than slope (51). Therefore, the curve is located above the
straight line at some neighbourhood of 𝑆 = 0. The curve 𝛬(S) is convex, so
for all S > 0, curve is located above the straight line. The curve is located
above horizontal straight line, 𝛬(𝑆) =𝛬1, which proves the lemma.
Blue curve in Fig. 4a possesses the above mentioned properties.
3.5. Asymptotic formulae for aggregated filtration function
Consider the case of small filtration coefficient of Langmuir blocking
function. Substituting 𝜀𝛬0 instead of 𝛬0 in Eqs. (50) and keeping zero
and first terms in Taylor series yields the explicit formula
𝛬(𝑆) = 𝛬1 + 𝜀𝛬0 (53)
Green and black curves in Fig. 8a correspond to 𝜀 = 0.1 and 𝜀 = 0.3.
The forms of both filtration curves correspond to dominant straining.
The corresponding BTC curves in Fig. 8b exhibit variation that has order
of magnitude 𝜀. The higher is the filtration coefficient 𝛬0, the lower is
the BTC.
Now consider the case of small constant filtration coefficient 𝛬1.
Substituting 𝜀𝛬1 instead of 𝛬1 in Eqs. (50) and keeping zero and first














Red and blue curves in Fig. 8a correspond to 𝜀 = 0.1 and 𝜀 = 0.3.
The declined intervals of the filtration curves correspond to attachment,
while the stabilised intervals correspond to straining. The forms of both
filtration curves show that attachment capture mechanism dominates.
4. Exact solutions for binary filtration function
In this section we derive the explicit formulae for solution for the
case of binary filtration function (50).
Ahead of concentration front X > T in zone 0, 𝐶 = 𝑆 = 0 (Fig. 5a).
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Table 1
Fitted parameters from binary analytical model.
Porous media 𝑟𝑝 (μm) 𝑟𝑠 (μm) 𝐶0 (L−1) 𝛬1 𝛬0 𝑆𝑚 𝑇𝑚 𝑇𝑖𝑛𝑗 𝑇3 𝑅2
Glass beads 20
0.225 4.24 × 1011 0.4155 0.0788 0.4531 0.9986 2.8186 2.5603 0.9168
0.5 3.86 × 1010 1.6869 0.2793 1.6987 0.9319 3.2511 6.3653 0.9506
1 4.85 × 109 1.8209 0.7048 2.5257 1.1725 3.4887 9.3540 0.9492
Sand
70110 11.5
0.225 4.24 × 1011 0.3696 0.4744 0.5376 0.9357 1.9538 2.5862 0.9657
0.5 3.86 × 1010 0.5108 0.5390 1.5146 2.0242 1.8827 5.0008 0.9950
1 4.85 × 109 2.8276 – – – 1.8467 – –
Sand
3550 27.5
0.225 4.24 × 1011 0.1863 0.1162 0.2719 1.1343 1.7662 2.4332 0.9510
0.5 3.86 × 1010 0.1393 0.0839 0.1851 1.0401 1.7767 2.2387 0.8757
1 4.85 × 109 1.5344 – – – 1.7873 – –
Sand
2030 54.5
0.225 4.24 × 1011 0.1508 0.0849 0.1879 0.9883 1.5921 2.1911 0.9572
0.5 3.86 × 1010 0.1924 – – – 1.5241 – –
1 4.85 × 109 0.6349 0.3327 0.7675 0.9720 1.7583 3.0440 0.8542
Table 2
Fitted parameters from binary analytical model — Injection time: 𝑇inj = 2.8 PVI.
Porous media 𝑟𝑝 (μm) 𝑟𝑠 (μm) 𝐶0 (L−1) 𝛾 (mM) 𝛬1 𝛬0 𝑆𝑚 𝑇𝑚 𝑇3 𝑅2
Glass beads 25.4
0.0315
3.6 × 1012 20 0.1221 0.1263 0.2695 1.5146 2.8012 0.8725
2.2 × 1012 30 0.6636 0.2039 0.6212 0.8164 2.6980 0.9579
5.8 × 1011 33 2.0402 0.3677 2.4572 1.1073 10.167 0.8624
0.16
6.6 × 1010 20 0.0513 0.1844 0.0963 0.7964 1.8953 0.9190
2.8 × 1010 30 0.4780 0.2151 0.5614 0.9697 2.6895 0.8778
1.7 × 1010 40 1.2040 0.2231 1.4718 1.1215 4.9739 0.9003
1.5
1 × 1010 30 0.4080 0.3260 0.1931 0.3561 1.6001 0.8440
5 × 109 100 0.8557 0.3318 0.4331 0.4277 2.1125 0.8537
5.1 × 109 300 1.8326 0.3747 0.4407 0.2188 2.4819 0.7542






















It allows calculating retention concentration at the inlet:






























+ 𝑆𝑚 𝑇 < 𝑇𝑚
(56)
where 𝑇𝑚 is a moment when retained concentration at the inlet reaches
the value 𝑆𝑚.
The explicit solution in zone I is calculated by formulae (24), (56):

























Suspended concentration is calculated from Riemann invariant (38) as:




















In zone III where S > 𝑆𝑚, the filtration function is constant and equal to
𝛬1. The solution is determined from Eqs. (24), (38), (56):





























+𝑋 + 𝑇𝑚 (61)
The solution in zone II is determined by Eqs. (24), (38) along the
characteristic straight lines with boundary condition S=S𝑚 at the
moving boundary (61): Eqs. (62) and (63) are given in Box I. Fig. 5b
and c show suspended and retained concentration profiles at five
different moments. Profile at the moment 𝑡1 before the breakthrough
encompasses zones 0 and I. At the moment 𝑡2 after the breakthrough,
the profile corresponds to zone I. Moment 𝑡3 represents zones III, II
and I. Moment 𝑡4 represents zones III and II, at the moment 𝑡5 only
zone III remains in the profile. Fig. 5c shows monotonic increase of
retained concentration during accumulation according to retention rate
(10). Monotonically decreasing filtration function (50) yields monotonic
increase of suspended concentration (Fig. 5b).
5. Sensitivity study
Fig. 6a shows the sensitivity of the aggregated and binary filtration
functions for two commingled capture mechanisms with respect to
𝛬0 and 𝛬1. Fig. 6b shows the corresponding BTCs. Continuous curves
correspond to aggregated filtration function, while the results for binary
filtration function are shown by dashed curves. Increase in 𝛬1 yields
increase of both filtration functions. Points 𝑆 = 0 and S → ∞ in
Fig. 6a shift up by the values of 𝛬1. Increase in 𝛬0 also yields the
increase in filtration functions, but the asymptotic values remain the
same. The higher is the filtration function, the lower is the breakthrough
concentration, so BTCs move down with increase of either 𝛬0 or 𝛬1.
Fig. 7a shows the behaviour of both filtration functions given for
different 𝑆𝑚. Points 𝑆 = 0 and S → ∞ with changing 𝑆𝑚 in Fig. 7a and
points 𝑇 = 0 and T → ∞ in Fig. 7b remain the same. The larger is the 𝑆𝑚
the slower is the stabilisation of the filtration function at the value 𝛬(S) =
𝛬1 (Fig. 7b).
Fig. 8a presents sensitivity study of aggregated filtration function
with small blocking (green and black curves) and small straining (red
and blue curves) as calculated by formulae (53) and (54). Fig. 8b shows
the corresponding BTCs. The higher is the filtration function, the lower
is the BTC.
6. Comparison between exact and numerical solutions
Fig. 4b and c show the comparison between the exact and numerical
solutions. The black dashed curves correspond to numerical solutions
for the same values of the model coefficients that are obtained in
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Fig. 6. Exact and approximate forms of filtration function for two simultaneous capture mechanisms and sensitivity analysis with respect to 𝛬0, and 𝛬1 where
𝑆𝑚 = 0.5: (a) filtration functions; (b) breakthrough curves.
Fig. 7. Exact and approximate forms of filtration function for two simultaneous capture mechanisms and sensitivity analysis with respect to 𝑆𝑚 where 𝛬0 = 𝛬1 = 0.5:
(a) filtration functions; (b) breakthrough curves.
Fig. 8. Aggregated filtration function with small straining 𝜀𝛬1 (red and blue curves for 𝜀 = 0.1 and 𝜀 = 0.3, respectively) and small attachment 𝜀𝛬0 (green and black
curves for 𝜀 = 0.1 and 𝜀 = 0.3, respectively) using asymptotic formulae for aggregation: (a) forms of filtration functions; (b) breakthrough curves. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Section 3.3 by matching the laboratory data using the binary and
aggregated filtration functions.
The governing equations (26)–(28) subject to initial and boundary
conditions (11), (12) were solved numerically using the Shampine’s
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software package [44,45]. The algorithm implements a two-step Lax–
Friedrichs finite-difference method [45]. The Matlab computer program,
and pertinent supporting information are available from http://faculty.
smu.edu/shampine/current.html. The space and time steps employed in
the finite-difference method are 𝛥X = 0.0001, 𝛥T = 0.00009. Numerical
solutions for aggregated and binary filtration functions are given by
black dashed curves.
The numerically and analytically calculated curves coincide.
7. Analysis of the results of laboratory data tuning
This section treats the laboratory data using the analytical model
(57)–(63) for binary retention function. Calculations of electrostatic
forces (using the DLVO theory, [10,19]) show that the particles are
attracted to the rock surface.
The results of injection of particles with radii 𝑟𝑠 = 0.225, 0.5, and
1.0 μm into porous media with pore radii 𝑟𝑝 = 20, 11.5, 27.5, and 54.5 μm
are shown in Fig. 9 [1]. Fig. 9a, d, g, and j present the results of injection
of particles with radius 𝑟𝑠 = 0.225 μm. Fig. 9b, e, h, and k present the
results of injection of particles with radius 𝑟𝑠 = 0.5 μm. Fig. 9c, f, i, and
l present the results into pores with radius 𝑟𝑠 = 1 μm. Table 1 presents
the injected concentrations and the matching results using the analytical
model for binary filtration function.






where 𝑟𝑠 and 𝑟𝑝 are the particle and pore radii, respectively.
Assume that Langmuir blocking function corresponds to monolayer
attachment of particles, and the filtration coefficient 𝛬1 is for straining.
Fig. 10a, b, c, and d corresponds to four series of tests with differ-
ent porous media. The larger are the particles, the stronger is the
electrostatic particle–rock attachment, and the higher is the filtration
coefficient 𝛬0 [1,4,10]. The larger are the particles, the higher is the
surface occupied by one particle, and the lower is the total concentration
of attached particles that cover the overall rock surface. The larger are
the particles, the higher is the jamming ratio, and the higher is the
straining filtration coefficient 𝛬1 [2,18,21].
Fig. 11 shows 9 tests with injection of particles with three different
radii 𝑟𝑠 = 0.0315 μm, 𝑟𝑠 = 0.16 μm, and 𝑟𝑠 = 1.5 μm in the same porous
media with 𝑟𝑝 = 25.4 μm [46]. Different salinities 20, 30, 33, 40, 100 and
300 are used. Fig. 12a, b and c corresponds to 𝑟𝑠 = 0.0315 μm, 𝑟𝑠 = 0.16
μm, and 𝑟𝑠 = 1.5 μm, respectively.
The higher is the salinity the higher is the electrostatic grain-particle
attraction, the higher is filtration coefficient 𝛬1. The higher is the
attraction, the more compact occupation of the rock surface occurs,
and the higher is the 𝑆𝑚 [1,4,46]. The same dependency of straining
coefficient 𝛬1 versus salinity takes place. It is explained by increasing
attachment to pore throats with salinity increase, so the throats become
thinner, jamming ratio decreases, and the filtration coefficient for
straining increases [1,4,10,46].
The cases for 𝑟𝑠 = 0.16 μm and 𝛾 = 30 mM, and 𝑟𝑠 = 1.5 μm and
𝛾 = 100 mM have been treated by the aggregated model. Fig. 4b and
c show the binary model by red curves, and blue curves correspond
to aggregated model. The aggregated model presents more precise
match than the binary model. The coefficient of determination 𝑅2 is
higher for the aggregated model for all the cases which have been
calculated.
8. Chemical reactive flow with multiple reactions: aggregation,
exact solution
The aggregation technique (Appendices A and B) and introduction
of potential yielding an exact solution (Section 3.2) can be extended for
the case of chemical reactive flow with multiple reactions between the
fluid and multicomponent rock.














where 𝜙 is the porosity, c is the molar concentration of reagent dissolved
in the fluid, U is Darcy velocity, 𝑦𝑘 is the molar concentration of kth
component in the rock, 𝑛𝑘 is the number of moles reacting with one
molar of the fluid component (stoichiometric coefficient).






where 𝐾𝑎𝑘 is the kinetic coefficient.
Initial and boundary conditions corresponding to reacting fluid
injection into porous media are:
𝑡 = 0 ∶ 𝑦𝑘 = 𝑦𝑘0, 𝑐 = 0 (67)
𝑥 = 0 ∶ 𝑐 = 𝑐0 (68)









For fixed x, Eq. (69) form system of n ODE for unknowns 𝑦𝑘 = 𝑦𝑘(t).
Changing independent variable from t to y and performing chain













As it follows from Eq. (67), initial conditions for system (70) are:




The solution of system (70) subject to initial conditions (71) is
𝑦𝑘 = 𝑦𝑘 (𝑦) (72)













































= −𝑐𝐹 (𝑦) (75)
with the following initial and boundary conditions
𝑡 = 0 ∶ 𝑦0 =
∑
𝑘
𝑦𝑘0, 𝑐 = 0
𝑥 = 1 ∶ 𝑐 = 𝑐0
(76)
The exact solution of the problem (75), (76) is obtained using the
method of potential, presented in Section 3.2. Introduction of potential
from Eq. (17), its substitution into Eq. (75) and integration in t reduces
the system to one scalar hyperbolic equation. This equation is solved by
method of characteristics, like in Section 3.2.
9. Summary and discussion
Nonlinear methods of aggregation and potential We derived exact
solutions for several non-linear initial–boundary value problems corre-
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Fig. 9. Matching the breakthrough curves by the analytical model; the laboratory data are taken from paper [1].
sponding to two-capture deep be filtration. The solution process includes
two developments:
1 – Introduction of a free variable, which is equal to the total retained
concentration, instead of time, in n ODEs for capture kinetics (A.3) that
yields the reduction of (n +1) × (n +1) classical advection–diffusion
system (A.1)–(A.3) to 2 × 2 system (1), (2);
2 – Introduction of potential (17) that reduces 2 × 2 aggregated
diffusion-free system (9), (10) to a scalar first order hyperbolic equation,
where method of characteristics yields implicit solution (36) and explicit
solution (57)–(63).
The first aggregation procedure is applied for a modified advection–
diffusion system (1), (6), yielding its reduction to 2 × 2 system (1), (6).
The so-called aggregated procedure reduces system with n different
particle capture mechanisms to a single-capture system. The binary
filtration function is the approximation of the aggregated function,
which is obtained for two capture mechanisms with constant and
blocking (Langmuir) filtration functions.
In the case where of small retained concentrations and constant fil-
tration functions, non-linear systems (A.1)–(A.3) and (A.1), (A.2), (B.1)
degenerate into linear systems. The aggregation procedure degenerates
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Fig. 9. (continued)
into the sum of individual filtration constants. The exact solutions of
linear systems (1), (2), (A.1)–(A.3) and (A.1), (A.2), (B.1) exhibit steady
state suspension concentration behind the front 𝑇1(X)=X, and retained
concentrations accumulating linearly with time. Even for two-capture
system 𝑛 = 2 with one varying filtration function, the system becomes
non-linear, and the solution is significantly more complex.
Matching of BTCs with constant concentration by constant filtration
function, and BTCs with concentration monotonically increasing up to
the injected concentration, is widely applied in suspension-colloidal
studies [1,4,10,46]. The exact solutions derived show that both aggre-
gated and binary filtration functions exhibit BTCs where concentration
monotonically increases up to the value that is lower than the injected
concentrations; this type of BTCs is also widely spread for suspension-
colloidal systems [1,13,22,46].
The exact solution for binary filtration function (Eqs. (57)–(63))
contains explicit formulae only, which is an advantage for tuning the
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Fig. 10. Jamming-ratio dependency for the dimensional filtration coefficients
and maximum retained particle concentration: (a) Glass breads (𝑟𝑝 = 20 μm);
(b) Sand 70 110 (𝑟𝑝 = 11.5 μm); (c) Sand 3550 (𝑟𝑝 = 27.5 μm); (d) Sand 2030
(𝑟𝑝 = 54.5 μm) [1].
laboratory data, and also for 3D modelling using streamline simulators.
The exact solution for aggregated filtration function contains implicit
integral expressions.
Both binary and aggregated filtrations functions are fully determined
by three constants: the initial attachment filtration coefficient 𝛬0,
maximum concentration for attachment vacancies 𝑆𝑚, and the filtration
coefficient for size exclusion 𝛬1. The total of 𝛬0 and 𝛬1 can be
determined directly from the breakthrough concentration at the arrival
time of 1PVI. The filtration coefficient for size exclusion 𝛬1 can be de-
termined directly from the stabilised breakthrough concentration with
time tending to infinity. The maximum concentration for attachment
vacancies must is determined by matching of the intermediate values of
breakthrough concentrations.
The values 𝛬0, 𝛬1 and 𝑆𝑚 as obtained from tuning the binary
filtration function, can be used as initial value for tuning the exact aggre-
gation function using minimisation least square iterative algorithm [43].
The overall calculations with minimisation using the exact aggregated
function and software Shampaine is about 2 h, while the procedure using
the piecewise-linear binary function takes about 1 min only. Moreover,
sometimes the minimisation procedure after matching by the binary
filtration function is not necessary. In the cases of 𝑟𝑠 = 0.16 μm and
𝛾 = 30 mM, and 𝑟𝑠 = 1.5 μm and 𝛾 = 100 mM, the minimisation
provides only 7%–10% improvement, respectively, reducing coefficient
of determination from 𝑅2 = 0.9754 to 𝑅2 = 0.8778, and 𝑅2 = 0.9153 to
𝑅2 = 0.8537.
The model validity Main purposes of matching the experimental
results are prediction of the laboratory data for planning of the new
tests, and the laboratory-based prediction of 3D reservoir behaviour. For
both purposes, both aggregated and binary models match the laboratory
data with high accuracy.
However, the aggregated model is derived from first principles,
while the binary model is its approximation. The laboratory tests have
been treated by both aggregated and binary models. The coefficient of
determination 𝑅2 is always higher for the aggregated model (Fig. 4b, c).
This fact supports the validity of the aggregated model.
Applications The aggregation method (Lemma 1 in Section 2) and
introduction of potential (18) yield exact solutions for numerous 1D
suspension-colloidal transport processes in porous media.
Initial and boundary conditions (11), (12) correspond to injection of
suspensions and colloids into clean bed. In exact solutions for non-zero
initial retained concentration 𝑆𝐼 , the value 𝑆𝐼 adds to the clean-bed
solution given by Eqs. (36) and (62).
Migration of natural reservoir fines corresponds to initial and bound-
ary conditions
𝑡 = 0 ∶ 𝑐𝑖 = 𝑐0𝑖 , 𝜎 = 0, 𝑥 = 0 ∶ 𝑐𝑖 = 0 (77)
The aggregated Lemma 1 is fulfilled for the problem (1)–(3) and (77);
the solution method is the same as that developed in Sections 3.3 and
4.
For the sake of simplicity, the Langmuir blocking function is at-
tributed to attachment, and constant filtration function to straining.
However, upscaling the transport of mono-sized suspensions in porous
media with bimodal pore size distribution with straining yields the
blocking Langmuir filtration function. Any of capture mechanisms
with small retention corresponds to constant retention function [12]
(Fig. 1).
Multiplying the flux U by the drift delay factor 𝛼 in Eqs. (1), (2)
and (A.1), (A.2) allows reflecting the phenomena of slow fines drift
and rolling along the rock surface [39,47,48]. The translation t → 𝛼t
and rearranging dimensionless parameters reduces the problems to the
original forms.
The aggregation method and introduction of the potential can
be applied to suspension-colloidal flows of large particles with non-
linear terms of changing porosity and flux in Eqs. (1), (2) and (A.1),
(A.2) [7,22].
10. Conclusions
Derivation of exact solutions for non-linear 1D problems of
suspension-colloidal transport in porous media with multiple capture
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Fig. 11. Matching the breakthrough curves by the analytical model; the laboratory data are taken from paper [46].
mechanisms and development of the aggregation technique to reduce
the multi-capture to single capture mechanism allow drawing the
following conclusions:
System of n +1 PDEs for colloidal-suspension advective–diffusive
transport with n particle capture mechanisms is equivalent to the
2 × 2 system with single capture. The aggregated filtration function
is obtained by solution of n non-linear ODEs.
The exact solutions are obtained for both aggregated model and its
piecewise-linear approximation (so-called binary model).
The solution for binary model is expressed by explicit formu-
lae for suspended and retained concentrations, while that for ag-
gregated model contains one transcendental equation with integral
terms.
Both exact solutions exhibit BTCs with monotonic growth during
several PVIs with further stabilisation at concentration that is lower than
the injected concentration.
Both aggregated and binary models are determined by three con-
stants – filtration coefficients 𝛬0 and 𝛬1, and maximum attachment
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Fig. 11. (continued)
capacity 𝑆𝑚. The filtration functions for both models take the same
values at 𝑆 = 0 and S tending to infinity. The corresponding BTCs
also take the same values at the breakthrough moment 𝑇 = 1 and at T
tending to infinity. The aggregated function always exceeds the binary
function, so BTC for aggregated function always lays below than that
for the binary function.
The filtration coefficients 𝛬0 and 𝛬1 for both filtration functions
are determined from stabilised BT concentration, and from the BT
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Fig. 12. Salinity dependency for the dimensional filtration coefficients and
maximum retained particle concentration: (a) 0.0315 μm; (b) 0.16 μm; (c) 1.5 μm
for Salinity vs. parameters [46].
concentration at the moment 𝑇 = 1, leaving just one parameter 𝑆𝑚 to
be adjusted from the intermediate values of the BTC.
High accuracy of matching allows validating the interpretation of
BTCs stabilising at lower value than injected concentration, by the
model with binary filtration function.
Matching of numerous laboratory tests yields higher accuracy by the
aggregated model than by the binary model.
The tuned model coefficients for different jamming ratios and salin-
ities exhibit the same behaviour as that predicted by the theory of
suspension-colloidal transport in porous media.
Appendix A. Proof of the aggregation lemma for multi-capture
filtration with particle dispersion
This Appendix shows that colloidal-suspended system (1)–(3) of
multiple-capture (n +1) × (n +1) can be reduced into the 2 × 2
system by a by the aggregation of n filtration coefficients into a single
coefficient. The aggregated filtration coefficient can be expressed in
term of the total retained concentration.
The (n +1) × (n +1) system of governing equation with advection
and dispersion transport mechanisms consists of mass balance for











𝑞 = 𝑐𝑈 −𝐷 𝜕𝑐
𝜕𝑥
(A.2)





𝜎1, 𝜎2 ⋯ 𝜎𝑛
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𝑐𝑈, 𝑖 = 1, 2⋯ 𝑛 (A.3)













𝜆𝑖(𝜎1, 𝜎2 ⋯ 𝜎𝑛)
)
𝑐𝑈 (A.4)
The total filtration coefficient is an algebraic sum of all filtration
coefficients, which depends on all retained particle concentrations




𝜆𝑖(𝜎1, 𝜎2 ⋯ 𝜎𝑛) (A.5)






Fixing 𝑥 = 𝑥0 and assuming that c (x, t) is already knows, yields a system
of ordinary differential equations for retained concentrations
𝑑𝜎𝑖
𝑑𝑡
= 𝜆𝑖(𝜎1, 𝜎2 ⋯ 𝜎𝑛)𝑐𝑈 (A.7)













𝜆𝑖(𝜎1, 𝜎2 ⋯ 𝜎𝑛)
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𝑐𝑈 (A.8)














𝜆𝑖(𝜎1, 𝜎2 ⋯ 𝜎𝑛)
[
∑𝑛
𝑖=1 𝜆𝑖(𝜎1, 𝜎2 ⋯ 𝜎𝑛)
] (A.9)
Initial condition for system (A.9) follows from initial conditions (11) for
each retained concentration:
𝜎 = 0 ∶ 𝜎𝑖 = 0, 𝑖 = 1, 2… 𝑛 (A.10)
Substituting the solution of ODEs (A.9) subject to initial condition (A.10)
into Eq. (A.5) allows expressing the aggregated filtration coefficient





𝜆𝑖(𝜎1(𝜎), 𝜎2(𝜎)⋯ 𝜎𝑛(𝜎)) (A.11)
Substituting Eq. (A.11) into (A.8) reduces system with n capture mech-
anisms (A.3) to a single capture system (1)–(3).
Appendix B. Proof of the aggregation lemma for multi-capture
filtration in the modified dispersion model
This Appendix proves that the colloidal-suspension flow with n
capture mechanisms can be reduced to a single-capture system (1), (3),
(4) for the case of so-called modified system of DBF, where the capture





𝜎1, 𝜎2 ⋯ 𝜎𝑛
)
𝑞, 𝑖 = 1, 2⋯ 𝑛 (B.1)
Mass balance equation (A.1) and the total flux expression (A.2) close
system for n +1 unknowns c, 𝜎1, 𝜎2. . .𝜎𝑛.
Eqs. (A.5), (A.6) hold for modified system (A.1), (A.2), (B.1).
Fixing 𝑥 = 𝑥0 and assuming that flux q (x, t) is already knows, yields
a system of ordinary differential equations for retained concentrations
𝑑𝜎𝑖
𝑑𝑡
= 𝜆𝑖(𝜎1, 𝜎2 ⋯ 𝜎𝑛)𝑞 (B.2)
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𝜆𝑖(𝜎1, 𝜎2 ⋯ 𝜎𝑛)
)
𝑞 (B.3)
Change independent variable in system (B.3) from t to 𝜎 yields the same
aggregated Eqs. (A.9) and (A.11).
Substituting Eqs. (A.6), (A.11) into system with n capture mecha-
nisms (A.1), (A.2), (B.1) reduces this system to a single capture system
(1), (4), (3).
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Abstract   The objective of this study is to develop a model for transport and cotransport of 
colloids and nanoparticles (NPs) in porous media. The particle capture rate is proportional to 
the capture probability, which is a function of retained concentration, called the filtration 
function. Laboratory bench scale experiments of individual transport of NPs and colloidal-size 
kaolinite-clay particles through packed columns produced breakthrough curves (BTCs) that 
monotonically increased with time and stabilized at some value lower than the injected 
concentration. We propose the filtration function that corresponds to breakthrough curves 
stabilising at the concentration lower than the injected value. This so-called binary filtration 
function incorporates two Langmuir and low-retention capture mechanisms. A novel, 
analytical model for one-dimensional (1D) transport with a binary filtration function was 
developed. The analytical transport model was capable to fit successfully BTCs obtained from 
individual transport experiments using kaolinite and NPs conducted by Chrysikopoulos et al. 
(2017). Assuming that the electrostatic particle-solid matrix interaction and the fraction of the 
solid matrix surface area occupied by a single attached particle (kaolinite or NP) are the same 
for individual transport of either kaolinite particles or NPs and for simultaneous cotransport of 
kaolinite particles and NPs, the proposed binary filtration function was extended for the 
cotransport case. Despite the breakthrough data from cotransport experiments with kaolinite 
particles and NPs have six degrees of freedom, the developed cotransport model successfully 
matches the BTCs by tuning two constants only. This validates the developed model for 
cotransport of two colloidal populations with different attachment and straining rates. 
 
Index  
c Suspended concentration [ML-3] 
C Normalized suspended concentration [-] 
k Permeability [L2] 
s Retained concentration [ML-3] 
sm Maximum attached concentration [ML
-3] 
S Normalized retained concentration [-] 
 
t Time [T] 
T Dimensionless time [PVI] 
U Flow velocity [LT-1] 
x Axial coordinate [L] 
X Dimensionless axial coordinate [-] 
 
Greek letters 
 Porosity [-] 
0 Initial attachment filtration coefficient [L
-1] 
Λ0 Dimensionless initial filtration coefficient [-] 
1 Size exclusion (straining) filtration coefficient [L
-1] 
Λ1 Dimensionless size exclusion filtration coefficient [-] 
 Filtration coefficient [L2M-1] 








Migration of suspended colloids predominately occurs in subsurface formations. However, 
flow of suspended colloids in porous media has also been observed in various processes of 
environmental, chemical, civil, and petroleum engineering (Civan 2015). Kaolinite clay 
particles are often present in numerous occasions of subterranean water contamination, plant 
irrigation, cold water injection into geothermal reservoirs, artificial recharge of aquifers, well 
drilling with filtrate invasion into formations, seawater intrusion into coastal aquifers, and low-
salinity water injection into oilfields (You et al. 2015; Farajzadeh et al. 2017; Mirabolghasemi 
et al. 2015; Mikhailov et al. 2018). Kaolinite fines are detached from surfaces of sandstone 
rocks, yielding water contamination and permeability decline (Russell et al. 2017; Chequer et 
al. 2017). 
Engineered nanoparticles have received considerable attention in a very large number of 
applications including the treatment of contaminated aquifers, fixing movable fines in oil and 
gas reservoirs for formation damage prevention (Arab et al. 2014; Yuan et al. 2016a; Yuan and 
Moghanloo 2017), and enhanced oil recovery by water flooding (Arab and Pourafshary 2013). 
The transport of NPs in porous media is relatively complicated, because it is affected by several 
 
factors including: interstitial velocity, solution chemistry, temperature, and the presence of 
other suspended particles (Rottman et al. 2013; Syngouna et al. 2017; Yuan et al. 2016b). 
Numerous stochastic and deterministic mathematical models are developed to describe particle 
transport, capture and the consequent rock alteration. The reviews by Shapiro, Yuan (2012) 
and Yuan et al. (2012) give a reasonably complete account of the available stochastic models, 
described by population balance equations (Sharma and Yortsos 1987; Santos and 
Bedrikovetsky 2006; Bedrikovetsky et al. 2017; Hayek et al. 2012), random walk models 
(Shapiro 2007; Yuan et al. 2012), deep-bed filtration equation with stochastically distributed 
filtration coefficient (Yuan and Shapiro 2010; Elimelech et al. 2013), and Boltzmann’s 
equation (Shapiro and Wesselingh 2008). Population balance equations with probabilistic 
distribution of pore and particle sizes allow for exact upscaling for suspensions of uniform size, 
and the resulting system coincides with the classical filtration equations for the averaged values 
(Bedrikovetsky 2008; Hammadi et al. 2017). 
Several mathematical models for deep bed filtration of individual (transport) as well as binary 
mixtures (cotransport) are available in the literature (Abdel-Salam and Chrysikopoulos 1995; 
Bekhit et al. 2009; Katzourakis and Chrysikopoulos 2014, 2015). The common assumption is 
proportionality between the particle capture rate and the advective particle flux; their ratio is 
called the filtration function. The non-linear deterministic deep-bed filtration model allows for 
an exact solution (Polyanin and Manzhirov 2006; Polyanin and Zaitsev 2012). Furthermore, 
exact solutions for direct problem yield regularisation of the corresponding inverse problems, 
which allow for determination of the associated model functions from the laboratory tests 
(Alvarez et al. 2005; Alvarez et al. 2007; Hayek 2015; Hayek et al. 2012). An analytical model 
for deep bed filtration of a binary mixture, where each species is captured by a separate capture 
mechanism, using constant and Langmuir’s filtration functions, is proposed in Araújo, Santos 
(2013). However, recent studies have shown that for kaolinite and graphene oxide (GO) NP 
cotransport, the attachment processes can be simultaneous for both suspended particles 
(Chrysikopoulos et al. 2017; Sotirelis and Chrysikopoulos 2017). Because suspended particles 
near rough pore walls migrate with significantly smaller velocity than the mean interstitial 
velocity (Sefrioui et al. 2013), several investigators proposed mathematical models for two 
populations of particles with two different velocities (Yuan and Shapiro 2010; Bradford et al. 
2009b; Kuzmina et al. 2017). Yuan, Moghanloo (2017) and Yuan et al. (2016a) proposed 
mathematical models for kaolinite and NPs cotransport with adsorption as a major capture 
 
mechanism. However, a mathematical model for cotransport of colloids and NPs with 
simultaneous attachment and straining (size exclusion) of both species is not available. 
The objective of the present work is to develop a mathematical model for the individual motion 
and cotransport of colloids and NPs in porous media using a novel filtration function capable 
of matching closely the experimental data collected by Chrysikopoulos et al. (2017) for 
kaolinite and NPs transport. The proposed novel filtration function incorporates two 
simultaneous capture mechanisms: Langmuir (blocking) and constant (low-retention) filtration. 
2. Theoretical developments 
This section proposes so-called binary filtration function that yields the BTCs with stabilised 
concentration lower than the injected concentration, and derived the exact solution for 1D 
transport of single colloidal population (section 2.1, Table 1). Then we extend the binary 
filtration function for two-population transport, and develop the transport equations (section 
2.2). 
   2.1 Transport models 
Assuming that the interstitial fluid is incompressible (water), the suspended particles are 
uniformly sized, particle concentration is low so that the carrier fluid density is not altered, 
particle dispersion (diffusion) is negligible compared to the interstitial velocity, particle capture 
by the solid matrix follows linear kinetics with capture rate proportional to the particle 
advective flux and occurs by size exclusion, straining, attachment, segregation, diffusion into 
dead-end pores, etc. (see Fig. 1a), permeability decline due to particle retention is adequately 
described  Darcy’s law, the governing equations for transport in porous media are as follows 



























  (3) 
where x [L] is the linear coordinate in the flow direction, t [T] is time, c [M/L3] and s [M/M] 
are the suspended and attached concentrations,  [-] is the porosity, U [L/T] is the fluid velocity, 
 [L2/M] is the filtration coefficient, k [L2] is the permeability, µ [M/LT] is the viscosity, and 
P [M/LT2] is the pressure. The suspended particle concentration c is determined as the number 
 
of suspended particles in a unit volume of carrier fluid, while the retained particle concentration 
s is equal to the number of attached particles in a unit volume of the solid matrix. It should be 
noted that the effects of particle retention are in decreasing the suspended particle concentration 
and permeability. The suspended particle concentration decline due to retention is important 
for industrial waste disposal and aquifer contamination, while the permeability decline yields 
production and injection well impairment. 
For constant particle concentration injection in a typical bench scale core or packed column, 
initially free of particles, the appropriate initial and boundary conditions are: 
( ,0) ( ,0) 0c x s x= =  (4) 
0(0, )c t c=  (5) 
where c0 [M/L3] is the injected suspended particle concentration. The assumptions of a 
monolayer particle attachment (Langmuir type), where one attached particle occupies one 
vacancy, and of the small suspended and attached particle concentrations, yield the following 
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where λ0 is the initial filtration coefficient as determined by the solid matrix-particle attraction, 
and sm is the maximum concentration of attached particles (Bedrikovetsky 2008). The 
maximum value sm corresponds to complete occupation of the solid matrix surfaces by the 
attached particles, and 1/sm relates to the solid matrix fraction occupied by a single particle. 
After the retained particle concentration reached its maximum value sm, the particle attachment 
on the solid matrix surfaces stops. Note that the above-mentioned scenario corresponds to the 
case of solid matrix-particle attraction and particle-particle repulsion (Kuhnen et al. 2000; 
Bennacer et al. 2017). The Langmuir blocking filtration function (6) is usually used for 
monolayer electrostatic attachment of particles on solid matrix surfaces, but is also applicable 
for straining and size exclusion (Herzig et al. 1970; Kuhnen et al. 2000). 
For a small retained particle concentration (s<<sm), the filtration coefficient is assumed to be 
constant, λ(s)=λ1. The probability of particle capture remains constant for low retention 
concentrations, because the particles do not compete for the same vacancy. For this case, the 
breakthrough concentration is expected to be initially equal zero and subsequently to jump up 
to some value that remains constant. It the present work, this low-retention mechanism is 
 
referred to as size exclusion, whereas attachment corresponds to the Langmuir’s blocking 
capture. 
Note that BTCs, which are initially equal to zero, jump up to some value and then 
monotonically increase to a limit that is lower than the injected concentration as time tends to 
infinity, have been observed in laboratory breakthrough experiments with kaolinite colloid 
particles and graphene oxide nanoparticles conducted by Chrysikopoulos et al. (2017). In this 
study, it was assumed that such BTCs can be represented by a filtration function that consists 
of two simultaneous particle capture mechanisms as described by the following piecewise 
function: 
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   (7) 
where the filtration coefficient 0 corresponds to monolayer attachment where no particles 
were attached yet, and 1 corresponds to low-retention size exclusion. It should be noted that 
the filtration model (7) contains three parameters (λ0, λ1, and sm) and can easily be modified to 
describe other combinations of particle retention mechanisms.  
Further in the paper, the filtration coefficients are determined by tuning the experimental data. 
Theoretical calculations of straining filtration coefficient accounting for effects of attached 
particles can be performed from reconstruction of CT or NMR images using digital core 
techniques (Wang et al. 2018b; Wang et al. 2018a; Shikhov and Arns 2015). The approach is 
similar to calculation of permeability or electrical conductivity from rock geometry at pore 
scale (Yanici et al. 2013; Arns and Adler 2018). 
Introducing the following dimensionless definitions for time, x-coordinate, filtration 
coefficients, suspended and attached concentrations: 
0 0
,  ,  ,  ,  i i
Ut x c s
T X L C S
L L c c

 
= =  = = =   (8) 
















  (10) 
the filtration function (7) is given by: 
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  (11) 
and the initial and boundary conditions (4, 5) become: 
( ) ( ),0 ,0 0C X S X= =   (12) 
( )0, 1C T =   (13) 
In view of the works Polyanin, Manzhirov (2006); Polyanin, Zaitsev (2012); Alvarez et al. 
(2005); Alvarez et al. (2007); Bedrikovetsky et al. (2017) an analytical solution to the model 
equations (9-13) describing the transport of suspended particles in one-dimensional, 
homogeneous, water saturated porous medium (see Fig. 2) can be obtained. Briefly, 
introducing the following integral potential from Eq. (10)  
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Substituting expression for C(X,T) (15) into Eq. (9), changing the order of differentiation by X 
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  (16) 
The constant of integration is situated in the right hand side of Eq. (16) and is calculated from 
initial conditions (12). In view of initial conditions (12) and rate equation (10), the right hand 
side of the previous equation is equal to zero. Consequently, Eq. (16) reduces to: 
¶ Y S( )
¶ T
+
¶ Y S( )
¶ X
= - S   (17) 
The initial and boundary conditions (12), (13) for Eq. (17) become: 
 
Y S X ,0( )éë ùû = 0,    Y S 0,T( )éë ùû = T   (18) 
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Note that the characteristic lines X = T –T0, T0>0 cover the overall domain T > X. Integrating 
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Equations (15) and (20) determine the retained particle concentration S(X,T) for T>X. For T<X, 
the integration along the characteristics gives: S(X,T)=0. As it follows from Eqs. (15) and (19), 
the value C/S is constant along the characteristic lines X = T–T0, T0>0, i.e. C/S is Riemann 
invariant. Accounting for boundary condition (13) yields 
( )
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  (21) 
The expression for the concentration of suspended particles C(X,T) is obtained from Eq. (21) 
for known solution S(X,T). 
The concentration front X=T moves along the porous medium with a velocity equal to unity. 
Ahead of this front, initial conditions (12) hold: C(X,T)=S(X,T)=0. Along the front, the 
concentration of deposited particles equals zero, S(T,T)=0. Therefore, as it follows from Eqs. 
(9, 10), the concentration of suspended particles along the front, C(T,T), is expressed as: 
( ) ( )( ), exp 0C T T T= −    (22) 
Equations (15) and (20) provide an exact solution in the form of two transcendental equations 
for unknowns S(X,T) and S(0,T). Using S(0,T) as an independent variable allows for explicit 
calculation of T. The explicit formulae for suspended and retained particle concentrations are 
given in Table 1. Note that the analytical 1D model developed here can also be extended to 
three-dimensions by using streamline techniques (Oladyshkin and Panfilov 2007). 
Fig. 3a presents breakthrough curves simulated by the analytical solutions listed in Table 1, for 
the three different filtration functions presented in Fig. 3b. The analytical solutions for the case 
of constant filtration coefficient are obtained by fixing 0=0 and Sm→∞, and for Langmuir 
blocking function by setting 1=0. The BTC corresponding to the constant filtration function 
is shown in Fig. 3a (curve 1), to the Langmuir filtration function is shown in Fig. 3a (curve 2), 
and to the case of combined constant and Langmuir filtration is shown in Fig. 3a (curve 3). The 
Langmuir mechanism exhibits blocking under conditions of substantial particle attachment. 
The Langmuir mechanism is usually applied for monolayer particle attachment onto the solid 
 
matrix, where the attachment rate is proportional to number of vacant sites for retention on the 
surfaces of solid matrix.  
Fig. 4a shows the plane (X,T), three concentration fronts, and the corresponding flow zones: 0, 
I, II, and III, as obtained by the exact analytical solutions listed in Table 1. The four different 
zones are separated by the trajectories of three concentration fronts: TI(X), TII(X), and TIII(X). 
The corresponding domains separated by those fronts are presented in Table 1. The cotangents 
of the trajectory slopes (dTk(X)/dX)
-1, k=I, II, III, are equal to the front speeds. Note that the 
method of characteristics was used for the derivation of the exact solutions presented in Table 
1, and the characteristics are the particle trajectories. The initial conditions hold in zone 0 ahead 
of the concentration front TI(X) that moves with unitary speed. Zone I behind this front 
corresponds to flow with retained concentration S(X,T)<Sm, where the particles migrate subject 
to linear filtration  function (6). Two capture mechanisms act in zone I. The filtration function 
is constant in zone III, where the suspended particles move from the inlet X=0 to the boundary 
between zones III and II, TIII(X), where the retained particle concentration increases up to the 
maximum value Sm. Migration of suspended particles continues in zone II subject to linear 
filtration. Only straining occurs in zone III, while both retaining mechanisms act in zone II. 
The suspended particle concentration is at a steady state in zone III, so the capture rate is 
constant, and the retained particle concentration accumulates linearly with time. The structure 
of the flow pattern is as follows: (Zone 0) – initial conditions of no suspended and retained 
particles are held ahead of the first concentration front; (Zone I) – two simultaneous capture 
mechanisms act, front and rear boundaries of this zone move with unitary speed; (Zone II) – 
starts at the inlet at the moment Tm, when the maximum attached value Sm is reached by the 
retained particle concentration; subsequently, only straining occurs in zone III; and (Zone III) 
– steady-state suspended particle concentration decreases exponentially due to constant 
filtration. Figs. 4b,c present profiles of suspended and retained particles at three different points 
in time. At Ti, the particle front did not breakthrough yet. Both dimensionless particle 
concentrations C and S are zero ahead of this front. The suspended particle concentration jumps 
from zero at the front and increases behind the front, while the suspended particle concentration 
is continuous. At Tii, after the front has breakthrough, the profiles of particle concentration 
decrease exponentially from the inlet in zone III, and continue to decrease in zones II and I. 
Suspended particle concentrations coincide at Tii and Tiii in zone III.  
 
Note that the first derivatives of the solution for piecewise-linear filtration function suffer 
discontinuity on the boundary between zones II and III, where S(X,T)=Sm, i.e. the derivative of 
the filtration function is also discontinuous. This phenomenon has been observed from the 
exact solution for flow with deposit dissolution, where the dissolution rate becomes zero when 
the deposit vanishes (Sorbie and Stamatiou 2018). Apart from the derivative discontinuity front, 
the system with deposit dissolution is linear, and the complete dissolution front propagates with 
constant speed. The problem (9), (10) is non-linear, so the front trajectory in Fig. 4a is 
curvilinear.  
The governing equations (9), (10) and (11) subject to initial and boundary conditions (12), (13) 
were solved numerically using the computer code developed by Shampine (2005a). The 
algorithm implements a two-step Lax–Friedrichs finite-difference method (Shampine 2005b). 
The Matlab computer program, and pertinent supporting information are available from 
http://faculty.smu.edu/shampine/current.html. Fig. 5 presents a comparison of the analytical 
solution with the numerical solution for individual transport of NPs and kaolinite colloids at 
pH=7 and IS=27 mM. The values of the parameters Λ0, Λ1, and Sm used are listed in Table 2, 
whereas space and time steps employed in the finite-difference method are ΔX=0.001, 
ΔT=0.0009. The exact analytical and numerical solutions are almost identical, suggesting that 
the numerical scheme exhibited very low numerical dispersion. 
  2.2 Cotransport model   
For the case of cotransport of two different populations of suspended particles it was assumed 
that the concentration of each population of suspended particles was low, so that the suspended 
particles from one population do not compete for the same vacancies with suspended particles 
from the other population (Fig. 1b). Therefore, the maximum attached particles concentration 
and filtration coefficients of each population during cotransport are assumed to be identical to 
those during transport of each individual population. Consequently, for the case of kaolinite 
colloids and NPs cotransport the governing partial differential equations are (Bedrikovetsky 
2013): 
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  (24) 
 
where index i=K, N for kaolinite colloids and NPs, respectively. It should be noted that SmN, 
0N, SmK, and 0K are equal to those for the case of transport of each population of suspended 
particles, but 1N and 1K are different because particle onto the surfaces of the solid matrix 
can affect pore throat radii (Fig. 1b), which in turn can affect straining (Alem et al. 2015). 
Therefore, the filtration coefficients for straining during cotransport are assumed to be different 
from those corresponding to transport of each individual population (Fig. 1b). The cotransport 
model contains 6 independent parameters: SmN, 0N, SmK, 0K, 1N and 1K. Four parameters 
(SmN, 0N, SmK, and 0K) are determined from experimental breakthrough data of individual 
population transport, whereas two parameters (1N and 1K) are obtained by fitting the 
cotransport experimental breakthrough curves.  
3. Results and discussion 
The new transport and cotransport mathematical models were used to match the experimental 
data reported by Chrysikopoulos et al. (2017) for transport and cotransport of graphene oxide 
(GO) NPs and kaolinite (KGa-1b) colloids in columns packed with glass beads and quartz sand 
under various water chemistry conditions (pH=4, 7, 10 and IS=7, 12, 27 mM). The unknown 
parameters were determined with a nonlinear least squares method, which minimises the 
normalized deviation between the model and the experimental data (Coleman and Li 1996). 
Specifically, the Trust-Region-Reflective optimization algorithm of MATLAB was used for 
the solution of the resulting quadratic-deviation minimisation problem. Note that the steep 
continuous growth of a BTC around its breakthrough time (T=1) is treated in this work as a 
concentration jump from zero, before the breakthrough to continuously growing BTC after the 
breakthrough. The areas between the continuous and discontinuous BTCs before and after the 
breakthrough time are equal. This procedure used here for matching BTCs is analogous to 
matching of inner and outer asymptotic expansions when dispersion is small (Polyanin and 
Dilʹman 1994; Polyanin 2004). 
3.1 Matching of the transport experimental data 
The experimental data for NPs and for kaolinite colloids individual transport in a column 
packed with glass beads at 5 different sets of water chemistry conditions reported by 
Chrysikopoulos et al. (2017) are presented in Fig. 6, together with the corresponding fitted 
analytical model simulations. Furthermore, the experimental data for NPs and for kaolinite 
colloids individual transport in a column packed with quartz sand for just one set of water 
chemistry conditions are presented in Fig. 9a, together with the corresponding fitted analytical 
 
model simulations. All fitted parameters for the individual transport experiments were listed in 
Table 2. Based on the R2 values listed in Table 2, the analytical model fitted adequately the 
experimental data for both NPs and kaolinite colloids. This validates the proposed binary model 
given by Eq. (7). 
For all cases presented in Fig. 6 (except the NP case in Fig. 6c), the experimental data were 
fitted with the analytical model utilizing the filtration piecewise function (7). The unfavourable 
attachment conditions (high pH and low IS) in Fig. 6c lead to large solid matrix-particle 
repulsion, as suggested by (Derjaguin-Landau-Verwey-Overbeek) DLVO theory 
(Chrysikopoulos et al. 2017). Consequently, suspended particles are mobile and unstable 
(Bennacer et al. 2017). Furthermore, attachment onto the solid matrix under unfavourable 
attachment conditions can be better represented by the Langmuir filtration function. 
The fitted parameters listed in Table 2 are also presented graphically in Fig. 7 as a function of 
pH and IS. Parameter values corresponding to transport experiments in columns packed with 
glass beads and quartz sand, are represented by circles and squares, respectively. Figs. 7a and 
4d show the initial filtration coefficient variability with pH, at IS= 7 mM for NPs and kaolinite 
colloids, respectively.  The higher is the pH, the lower is the electrostatic solid matrix-particle 
attraction, and the lower is the Λ0 as well as the straining Λ1 (Bradford et al. 2009a). Figs. 7b 
and 7e show the initial filtration coefficient variability with IS, at pH= 7 for NPs and kaolinite 
colloids, respectively. The higher is the IS, the larger is the expected electrostatic attraction 
between the suspended particles and the solid matrix, and in turn the higher the expected value 
for both filtration coefficients (Λ0 and Λ1). The Λ0 fitted values for both NPs and kaolinite 
colloids do not exhibit a clear increasing trend with increasing IS. However, the fitted values 
for Λ1 for both NPs and kaolinite colloids generally fulfil this tendency. Figs. 7c and 7f show 
the maximum retention concentration variability with IS and pH for both NPs and kaolinite 
colloids, respectively. For increasing pH and decreasing IS, both the electrostatic attraction 
between the suspended particles and the solid matrix and Sm are expected to decrease. This is 
clearly the case for NPs, but it is somewhat less pronounced for kaolinite colloids.  
The mean radius of the glass beads employed in this study was 1 mm, while the mean radius 
of quartz sand grain was 0.3 mm. So, the sand grains were smaller than the glass-beads, thus 
the solid matrix surface area was larger in the columns packed with quartz sand. Furthermore, 
sand grain shapes are irregular, so the surface area was larger than that for the glass-beads. 
Consequently, Λ0 must be greater for quartz sand. This is clearly the case for both NPs and 
 
kaolinite colloids (see Figs. 7a,b,d,e) (Bradford et al. 2009a; Bradford et al. 2003). The pore 
throats in columns packed with quartz sand are smaller than those packed with glass beads. 
Also, sand has rougher surface than glass beads, which facilitates size exclusion. The average 
radii for nanoparticles and kaolinite colloids were 0.4 μm and 0.6 μm, respectively, i.e. they 
are almost the same. Therefore, size exclusion filtration coefficient Λ1 must be higher for sand 
than for glass beads. This is the case for NPs (see Figs. 7a and 7b), but not for kaolinite colloids 
(see Figs. 7d and 7e). The maximum retention concentration for columns packed with quartz 
sand is higher due to the larger solid matrix surface area of the smaller irregular grains. 
Therefore, Sm must be higher for columns packed with quartz. This is the case for NPs (see Fig. 
7c), but not for kaolinite colloids (see Fig. 7f). The deviation of kaolinite colloids from expected 
behaviour is attributed to kaolinite particle aggregation. It should be noted that based on DLVO 
theory kaolinite aggregation is significant (Chrysikopoulos et al. 2017). 
3.2 Matching of the cotransport experimental data 
The experimental data for NPs and for kaolinite colloids cotransport in a column packed with 
glass beads at 5 different sets of water chemistry conditions reported by Chrysikopoulos et al. 
(2017) are presented in Fig. 8, together with the corresponding fitted numerical model 
simulations. Furthermore, the experimental data for NPs and for kaolinite colloids cotransport 
in a column packed with quartz sand for just one set of water chemistry conditions are 
presented in Fig. 9b, together with the corresponding fitted numerical model simulations. All 
fitted parameters for the cotransport experiments were listed in Table 3. Based on the R2 
values listed in Table 3, the numerical model (Eqs. 23 and 24) fitted adequately the 
experimental data for both NPs and kaolinite colloids. It should be noted that for individual 
suspended particle transport the BTCs have an exponential form, so the number of degrees of 
freedom for each BTC is three. Therefore, three coefficients (Λ0, Λ1 and Sm) are determined 
from experimental BTC. However, for the case of cotransport (Eqs. 23 and 24), there are two 
breakthrough curves with 6 degrees of freedom, and the number of fitted parameters is only 
two (Λ1N and Λ1K).  
The fitted parameters listed in Table 3 are also presented graphically in Fig. 10 as a function 
of pH and IS. Both Λ1N and Λ1K correspond to NPs and kaolinite colloids, respectively, decrease 
with increasing pH, at IS=7 mM (see Fig. 10a). Whereas, both Λ1N and Λ1K at pH=7, are not 
strongly affected by IS (see Fig. 10b). The unexpected behaviour of kaolinite colloids (Fig. 10b) 
is attributed to kaolinite-kaolinite particle aggregation, which is far more significant than that 
of kaolinite-NP and NP-NP (Chrysikopoulos et al. 2017). It should be noted that based on 
 
DLVO theory kaolinite aggregation is significant (Chrysikopoulos et al. 2017). However, 
particle aggregation was beyond the scope of this study and has not been accounted for by the 
proposed transport and cotransport models. 
4. Conclusions  
The fate and transport of nanoparticles and clays in subterranean waters is highly affected by 
the nanoparticle-clay interactions, cotransport and their capture by the porous matrix. In this 
study, a novel 1D transport model with binary filtration functions was developed to simulate 
the transport of suspended colloidal particles as well as the cotransport of colloids and NPs. 
The proposed cotransport model assumes that the different types of suspended particles have 
electrostatic interactions with the solid matrix, which are similar under both transport and 
cotransport conditions. Also, the initial attachment filtration coefficient for each particle type 
in the mixture is equal to that for transport of each individual particle type, which implies that 
the maximum retention concentration for attachment for each particle type is the same under 
both transport and cotransport conditions. The model fitted successfully the transport and 
cotransport experimental data collected by Chrysikopoulos et al. (2017). Six-dimensional 
laboratory data set for co-transport was fitted by two model parameters only, which validates 
the model developed. The explicit analytical solution provided in Table 1 allows for direct 
numerical implementation without going through complicated mathematical derivations. The 
derived analytical model for binary particle capture mechanisms is preferred over 
computationally expensive numerical solutions, and can be used as a benchmark for numerical 
models. The analytical 1D model can be implemented in quasi 3D streamline model to interpret 
field studies. The proposed cotransport model with two capture mechanisms can be also used 
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       a) 
           b) 
Fig. 1. Multiple particle capture mechanisms: (a) various mechanisms at the pore scale;       
(b) attachment and straining of nano- and clay particles. 
 
 
Fig. 2. Schematic illustration of a bench-scale porous medium. Kaolinite clay particles (CK) 
and nanoparticles (CN) are injected simultaneously. The dimensionless inlet concentrations are 




Fig. 3. Illustration of three different shapes of the filtration function: (a) Breakthrough curves 
BTCs, and (b) Shapes of filtration functions. Curves 1, 2, and 3 correspond to constant 
filtration coefficient, Langmuir blocking, and combined filtration function for two 







Fig. 4. Exact solution for particle transport in porous media with piecewise linear filtration 
function: (a) structure of flow zone, (b) suspended particle concentration profiles at various 















Fig. 5. Comparison between the analytical and numerical modelling for individual suspended 







(a) (d)  
(b) (e)  
(c) (f)  
Fig. 6. Fitted breakthrough data reported by Chrysikopoulos et al.1 for individual transport 
experiments of  GO NPs (open black circles) and kaolinite colloids (red diamonds) in columns 
packed with glass beads at different conditions: (a) pH=4, Is =7 mM, (b) and (d) pH=7, IS =7 
mM, (c) pH=10, IS=7 mM, (e) pH=7, IS =12 mM, and (f) pH=7, IS =27 mM. BTC tending to 
unity is fitted with a Langmuir function (solid curves in figure c), while those tending to the 
limit below unity are fitted with a piecewise filtration function.  
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Fig. 7. Behaviour of fitted parameters for individual transport experiments of: (a-c) GO NPs 
and (d-e) kaolinite colloids as a function of pH and IS. Circles and squares correspond to 
columns packed with glass beads and quartz sand, respectively. Solid and open symbols in 
(a,b,d,e) correspond to parameters Λ0 and Λ1, respectively. Solid and open symbols in (c,f) 
correspond to parameter variation with pH and IS, respectively. 
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Fig. 8. Fitted breakthrough data reported by Chrysikopoulos et al.1 for cotransport 
experiments of  GO NPs (open black circles) and kaolinite colloids (red diamonds) in 
columns packed with glass beads at different conditions: (a) pH=4, Is =7 mM, (b) and 
(d) pH=7, IS =7 mM, (c) pH=10, IS=7 mM, (e) pH=7, IS =12 mM, and (f) pH=7, IS =27 
mM. The matched modelling data are given by continuous curves. 
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Figure 9: Fitted breakthrough data reported by Chrysikopoulos et al.1 for (a) individual 
transport experiments of NPs (open black circles) and kaolinite colloids (red diamonds), and 
(b) cotransport experiments of  GO NPs (open black circles) and kaolinite colloids (red 
diamonds) in columns packed with sand at pH=7 and Is=7 mM. The matched modelling data 






Figure 10: Behaviour of fitted parameters associated with the cotransport experiments of GO 
NPs and kaolinite colloids as a function of: (a) pH and (b) IS. Circles and squares correspond 
to columns packed with glass beads and quartz sand, respectively. Solid and open symbols in 
(a, b) correspond to parameters Λ1N (for GO NPs) and Λ1K
 (for kaolinite), respectively. 
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Table 1. Explicit dimensionless expressions for suspended and attached particle concentrations 
Zone Domains ( , )C X T  ( , )S X T  
0 ( )T X X  0 0 
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Particle  GO NPs Kaolinite colloids 
Model 
parameter  
0   1   MS   mT   
2R   0   1   MS   mT   
2R   
(a) pH =4 
IS =7 mM 
0.4888 0.0910 0.5953 2.2555 0.9536 0.3506 0.5110 0.7629 1.1368 0.8815 
(b) pH =7 
IS =7 mM 
0.3045 0.0451 0.1216 0.8180 0.9598 0.2536 0.4395 0.3113 0.5592 0.9754 
(c) pH =10 
IS =7 mM 
0.1684 - 0.0731 - 0.9863 0.2211 0.4233 0.3898 0.7409 0.9751 
(e) pH =7 
IS =12 mM 
0.1956 0.0465 0.1233 1.0402 0.9851 0.6283 0.3526 0.3032 0.4938 0.9841 
(f) pH =7 
IS =27mM 
0.2395 0.0821 0.2433 1.3870 0.9807 0.4130 0.5813 0.2847 0.3700 0.9276 
Column Sand 
Particle  Nanoparticles Kaolinite 
Model 
parameter  
0   1   MS   mT   
2R   0   1   MS   mT   
2R   
pH=7 
IS =7 mM 
0.9279 0.0529 0.2542 0.7998 0.9396 0.7186 0.1371 0.2542 0.6478 0.9597 
 
Table 3. Fitted parameters for GO NPs and kaolinite colloids cotransport experimental data. 
Porous medium Glass Beads 
Particle  GO NPs Kaolinite colloids 
Model 
parameter  
,N coinj  
2R  ,k coinj  
2R  
(a) pH =4 
IS =7 mM 
0.59 0.9142 2.32 0.9263 
(b) pH =7 
IS=7 mM 
0.22 0.9426 2.00 0.9296 
(c) pH =10 
Is=7 mM 
0.14 0.8925 1.95 0.8805 
(e) pH =7 
IS =12 mM 
0.21 0.9144 2.25 0.8968 
(f) pH =7 
IS =27 mM 
0.23 0.8770 2.20 0.8992 
Porous medium Quartz Sand 
Particle  GO NPs Kaolinite colloids 
Model 
parameter  
,N coinj  
2R  ,k coinj  
2R  
pH=7 
IS =7 mM 






The thesis develops a series of novel mathematical models based on the discussions of 
multiple particle capture mechanisms during suspension-colloidal transport in porous media. 
Exact solutions and numerical solutions are derived for 1D quasi-linear and non-linear 
advection-dispersion-reaction governing systems, which can be used in the wider range of 
particulate flow problems and supplemented to classical colloids filtration theory. It allows 
drawing the following conclusions: 
The model considering simultaneous multiple capture mechanisms allows for exact 
solutions by two procedures: the “aggregation” and the potential non-linear transformation.  
The “aggregation” technique is developed to reduce the multi-capture to single capture 
mechanism (or reduce n kinetics to one aggregated kinetics), where (n+1)×(n+1) system for n 
particle capture mechanisms is equal to the 2×2 system for a single capture mechanism.  
The “potential” non-linear transformation allows for reduction to one scalar quasi-linear 
hyperbolic equation.  
The two capture model contains the filtration function both in the aggregated (exact) and 
binary (approximated) forms, which can be widely applied in the monodisperse colloid 
filtration problems. 
 The cotransport model provides an insight into the new area not only for mono-dispersion 
single population but also for multiple sizes and various particle populations.  
 The co-transport phenomena of natural clays and nanoparticles helps to nanoparticle 
injection into reservoirs in which rock surfaces are usually coated by clays (fines).  
The analytical model is preferred over computationally numerical solutions, and can be 
used as a benchmark for numerical models.  
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The 1D analytical model can be implemented in quasi 3D streamline model for 
interpretation field data. 
